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Overview:

Before tackling full 3D + 1 problem in model data sets:
I Examine transport geometry of isolated, simplified structures with z

dependence included.
I Examine transport geometry of large, energetic structures in

isopycnal coordinates.

Identify ’generic’ geometric features.
Test proxy measures for LCS identification.
Test adaptive-grid algorithms for LCS identification.

Preliminary results from OGCM indicate prevalence of
mixing/transport induced by 3D dipole structures.
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Before tackling full 3D + 1 problem in model data sets:
I Examine transport geometry of isolated, simplified structures with z

dependence included.
I Examine transport geometry of large, energetic structures in

isopycnal coordinates.

Identify ’generic’ geometric features.
Test proxy measures for LCS identification.
Test adaptive-grid algorithms for LCS identification.

Preliminary results from OGCM indicate prevalence of
mixing/transport induced by 3D dipole structures.

OGCM’s with ∆x ∼ 1 − 2 km are ’sub-mesoscale-eddy permitting’.
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Overview: Gulf-Stream Rings & HYCOM at 1/50 ◦

Depth-dependent advective
boundaries/fluxes in large,
long-lived, energetic eddies.
Eddy-Jet and/or Eddy-Eddy?
HYCOM data-set: ∆x ∼ 1 − 2
km.
Parameterized
mixed/boundary layer. 30
isopyncal layers.
Gulf stream rings with realistic
size, strength, frequency.
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Eddy-Jet and/or Eddy-Eddy?
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km.
Parameterized
mixed/boundary layer. 30
isopyncal layers.
Gulf stream rings with realistic
size, strength, frequency.

Sea-Surface Height
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Overview: Gulf-Stream Rings & HYCOM at 1/50 ◦

Depth-dependent advective
boundaries/fluxes in large,
long-lived, energetic eddies.
Eddy-Jet and/or Eddy-Eddy?
HYCOM data-set: ∆x ∼ 1 − 2
km.
Parameterized
mixed/boundary layer. 30
isopyncal layers.
Gulf stream rings with realistic
size, strength, frequency.

Sea-Surface Temperature
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HYCOM: North Atlantic SSH
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HYCOM: North Atlantic SST
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Depth Dependent Stirring/Mixing

Energy at sub-mesoscales
(< 10km) in model.
Small-scale, fast-time
contributions.
Complex, small-scale vertical
structures.
High resolution HYCOM↔ full
LES?

Temperature (∆T = 1◦)
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Depth Dependent Stirring/Mixing

Energy at sub-mesoscales
(< 10km) in model.
Small-scale, fast-time
contributions.
Complex, small-scale vertical
structures.
High resolution HYCOM↔ full
LES?

LES - Cylone in Mixed Layer
(Özgökmen)
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Generic Stuctures: Dipoles/Quadrapoles

segment of the x-axis connecting these stagnation points. For

V!0 or V"2 the stagnation points are on the y axis, and the

recirculation regions are bounded by a single boundary com-

ponent, see Fig. 2.

For 0!V!2 the flow structure is similar to that of a free

pair of point vortices in their co-moving frame and to the

polynomial type flow studied by Ghosh et al.24 The follow-

ing considerations lead us to choose the slightly different

model. First, the time dependent velocity field is of the form

A!1#A!1(x ,y ,"t), namely changing the frequency does
not change the amplitude of the time dependent component.

Using free point vortices, as in the OVP model,5 causes the

vortices to oscillate with frequency " , introducing additional

" dependence in the amplitude of the time-varying compo-

nent of the velocity field. While for such a situation the fre-

quency dependence can be specifically analyzed by using the

same tools developed here, the conclusions regarding the fre-

quency dependence will be specific to this model. Second,

the flow is experimentally realizable. Finally, by varying the

free stream velocity, V , one can examine the role of gross

topological changes on transport properties. Similar topo-

logical dependence on parameters exists when considering

the flow field near axisymmetric vortex rings.

Leaving the V-dependence study to future work, we fix

V#0.5, #5$

corresponding to the velocity of a pair of free point vortices.

It then follows that for A#0 the stagnation points are located

at

xs#!2

V
$1#!3 #6$

and the heteroclinic stream line which connects these points

#the !#0 streamline$ intersects the y-axis at ym such that

V#$
1

2ym
log

#ym$1 $2

#ym%1 $2
. #7$

For V#0.5, this gives ym%2.1. The velocity at (0,y) is
given by

v#y $#
dx

dt
!
(0,y)

#
2

1$y2
$V , #8$

which, for V#0.5, y#ym is about $1. Taking V#1 implies

v(ym)%$2.6, whereas V#1.9 produces v(ym)%$6.2. It

follows that for such parameter values order one frequencies

correspond to effectively adiabatic forcing. In what follows

we assume time is normalized so that for the unperturbed

flow "v(ym)"%1. We conclude that the study of the

V-dependence must include additional rescaling of the time.

III. CHAOTIC DEPLETION OF CORE WITH NO

DIFFUSION

A. Universal form of the flux function

For A&0 the streamlines are time dependent, hence their
instantaneous structure does not reveal much of the dynam-

ics #except in the special limit of adiabatic flows, as dis-
cussed below$. The hyperbolic fixed points become hyper-
bolic periodic orbits and their stable and unstable manifolds

are the dominant structures which govern the transport prop-

erties of the flow. The location of these one-dimensional

manifolds vary periodically in time. Since the stable and un-

stable manifolds are invariant, intersections must occur along

an orbit asymptotic to the fixed points in both positive and

negative times, namely a heteroclinic orbit. Since the Poin-

caré map #the mapping which takes an initial condition to its
image after one period of the flow$ is orientation preserving
at least two such orbits must exist. Poincaré sections of the

manifold structure are shown in Fig. 3.

The manifolds define a region R , from which a turnstile

flux mechanism5,31,57 exists. Let E denote the entraining and

FIG. 2. Stirrer Pair flow. Steady flows (A#0) with #a$ V#$1!0, #b$ 0
!V!2(V#0.5), and #c$ V#3"2.

2047Phys. Fluids, Vol. 11, No. 8, August 1999 Universal properties of chaotic transport
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Generic Stuctures: Dipoles/Quadrapoles

identical to those given in Fig. 6, for larger diffusivities

!longer times" there are appreciable differences. The cross

over time for the R
max

#a ,#b curves increases with increasing D ,

indicating that diffusive effects are not only more pro-

nounced in the low stirring frequency case but that the ge-

ometry of the ‘‘Lagrangian steady state’’ established in this

advective regime enhances diffusive transport.

Figure 9 shows the time trace of the difference between

the total scalar concentrations for two different diffusion co-

efficients,

!CD!! t;#"!CD! t;#""

CD!! t;#"
,

where D!"10!4. In all cases, the effects of increased diffu-

sivity are most dramatic for the lower frequency flow. The

graphs for diffusivities D"5•10!4 and 10!3 near the criti-

cal diffusion coefficient, clearly demonstrate the claim that

diffusion preferentially augments the total transport for lower

stirring frequencies. Even though Lagrangian iso-flux fre-

quencies were taken, independent of the original region size

!i.e., for both R
max

#a and R
min

#a ), the amount of pollutant re-

maining in the original region decreases dramatically with D

for the slower advection. Furthermore, the ordering of the

curves does not correspond to the ordering of the curves in

Fig. 6!a", demonstrating that the governing effect is unre-

lated to the core size. For diffusivities much larger than Dc ,

differences between the frequencies exist but are not as dra-

matic.

V. DISCUSSION

We have shown that there are two universal features of

the transport through a homoclinic region. First, that the flux

function is nonmonotonic in frequency—it has at least one

hump. Second, that in the adiabatic limit the mixing region is

essentially covered by the turnstile lobes hence a steady state

of a nondiffusive pollutant field is readily achieved. Com-

mon wisdom in the chaotic advection community is that

adiabatic chaos is a more efficient mixer of fluid parcels than

the chaos that results from high frequency oscillations. This

is certainly true if the flux and the stochastic zone of the

lower frequency are much larger than that of the higher fre-

quency. However, our results show that this paradigm should

be taken with a degree of caution. First, the universal non-

monotonicity leads naturally to comparing two frequencies

with equal flux. For such iso-flux frequencies, the lower fre-

quency flow has larger lobes while the higher frequency

leads to a larger stochastic zone. Therefore, for finite sized

initial distributions of scalar there are time scales on which

the slow chaos leads to increased transport whereas for larger

time scales the total scalar transport is larger for the fast

chaos.

FIG. 8. Concentration field at time t"22 for !a" #a , !b" #b , and at t"45 for !c" #a , !d" #b .

2055Phys. Fluids, Vol. 11, No. 8, August 1999 Universal properties of chaotic transport
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3D Quasi-geostrophic Equations

Vertically dependent, planar flows:

∂ω
∂t

+
∂ψ

∂x
∂ω
∂y
−
∂ψ

∂y
∂ω
∂x

= 0

DHω
Dt

= 0

∇
2
3Dψ = ω

Gridfree: Contour Advection + Contour Surgery. (Dritschel)
Trivial parallelization of particle advection/solver.
Easily configurable to di-quad-octi-poles.
No boundaries.
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Depth Dependent Dipoles

Constant vorticity, ω1, ω2, in
two hemi-ellipsoids.
Configure
geometries/strengths of each.
Symmetry BC at surface.
Seed with regular particle grid.
Compute FTLE/FSLE/DLE

Asymmetric size/strength
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Adaptive Mesh Refinement

Complex LCS in
highly-resolved OGCM.
Extremely fine spatial
resolution requirements.
Huge numbers of particles.
Garthe: Trans. on
Visualization, 2007

Temperature (∆T = 1◦)
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Adaptive Mesh Refinement

N × N → 2N × 2N grids.
Interpolate λN onto λi

2N.

Compare λi
2N to λ2N.

If difference < ε, use
interpolation for all finer grids.
If difference > ε, compute λ on
finer grids.

Computation of Finite-Time Lyapunov Exponants using an

Adaptive-Resolution Grid Technique
Lucas Garber, College of Staten Island, CUNY

Faculty Mentor: Dr. Andrew Poje, Department of Mathematics, College of Staten Island, CUNY
Lucas.Garber@cix.csi.cuny.edu

Abstract

Finite-Time Lyapunov Exponents (FTLE) and other scalar
fields derived from particle pair separation statistics have
been used to characterize the Lagrangian Coherent Struc-
tures responsible for organizing transport and mixing in a
wide range of fluid flows [1]. An example of the transport
structures revealed by an FTLE analysis of a high resolution
model of Gulf Stream region of the North Atlantic Ocean is
shown in Figure 1. Such analyses are typically extremely
computationally expensive requiring a large number of par-
ticle pairs to be advected in order to adequately resolve the
small-scale features the flow field. In this project, we inves-
tigate the use of an incremental refinement and approxima-
tion scheme [2] to significantly reduce the computational
cost while simulataneously maintaining a reasonable rep-
resentation of the reality of the flow. The method used re-
places a significant portion of the calculated FTLEs with
simple interpolation in regions where the FTLE changes
slowly. In essence, costly FTLE calculations are confined
to regions where the quantity is rapidly varying. The main
advantage of this approach is that the time reduction in-
creases with increasing spatial resolution.

Figure 1: FTLE Field for ∼ 1km HYCOM North Atlantic.
Courtesy A. Haza, U. Miami

1. Introduction

In order to reduce the time taken to calculate the FTLEs
an adaptive-resolution grid scheme is used. This adaptive
technique calculates a coarse grid and then refines the grid
by adding new gridpoints at the midpoints of the existing
grid. Values of the FTLE at the new points are estimated
by 4-point interpolation of the previously computed coarser
grid values. By comparing interpolated values to computed
values, we can determine which areas only require inter-
polation and not computation. The grid refinement is con-
tinued until a predetermined resolution (np × np) has been
reached.
All new particles are estimated by a 4-point interpolation
when applicable or by linear interpolation (Figure 2).

Figure 2: 4-point interpolation at a non-corner cell

If at a previous resolution the nearest neighbors’ calculated
and estimated FTLEs were close enough, then the esti-
mated value is assumed to be valid. If the estimated value
cannot be assumed to be valid then the FTLE is calculated
at that gridpoint (Figure 3).

Figure 3: Determining Whether to Calulate or not

2. Performance

As a test, we consider a simple, nonlinear time-dependent
fluid velocity field given by the phase-space motion of a
forced pendulum. The vector field is given by the following
system of equations:

ẋ = y

ẏ = − sin x +
1

4
sin

π

2
t

(1)

The FTLEs are calculated over times 0 ≤ t ≤ 16.
The adaptive-resolution grid time to completion was mea-
sured for varing final spatial resolutions. The time was com-
pared to that required with no interpolation (a ”Brute Force”
method computing FTLE at all np × np points). Table 1
shows that there is negligible overhead in the implemen-
tation of the adaptive method.

Table 1: Time Study of Adaptive Grid vs Brute Force Grid

As shown in Figure 4, the time taken to complete grows
as the resolution increases. Also, as shown in Figure ??,
as the resolution increases the relative number of evalua-
tions of the FTLE in the adaptive method is reduced, thus
increasing the speedup of the method. (See Figure ??)

Figure 4: Time to Complete vs Number of Gridpoints (left)
Calculated point and time taken (right)

Figure 5: Calculated points for various final resolutions

3. Quality

By choosing a proper value for the acceptable difference in
the calculated and interpolated values for the FTLE (ε) the
number of calculations can be signifigantly reduced with a
minimum impact on the results. This is shown in Figure 6.
The errors tend to be in the more stable regions and are
therefore of little consequence.

Figure 6: Output the Brute-Force (top) and adaptive grid
method (bottom).

It should be noted that setting ε too high will result in out-
puts that contain errors that can not be overlooked. This is
shown in Figure 7.

Figure 7: Poor choice of ε
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Adaptive Mesh Refinement
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Adaptive Mesh Refinement
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LCS Results: QG Dipole

Metric: Direct Lyapunov Exponent

λ(x, t ; τ) =
1
τ

ln σ(x, t , t + τ)

t = 2.0 t = 3.0 t = 4.0
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LCS Results: HYCOM Quadrapole

MURI-4D-DS Workshop (Chapel Hill, NC) Depth Dependent LCS in HYCOM/QG Dipoles February 11-13, 2013 17 / 19



LCS Results: HYCOM Quadrapole
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Conclusions:

Depth/density dependent LCS in high-res OGCM.
I Adpative sampling for LCS.
I Persistent mesoscale structures - but significant sub-mesoscale

contributions.
I Transport via eddy-eddy interaction.
I Strong bathymetric control.

Details (to do):
I Adaptive/depth dependent time-scale in LCS computations.
I Temporal resolution (12 hr velocity fields?).
I Spatial filtering (eliminate SMS?).

Analysis:
I QG+ Add vertical velocity to Dritschel’s QG Dipoles.

(Stephan/Cecily?)
I Closer comparison of isopycnal/hydrostatic structures in OGCM to

3D/nonhydrostatic LES process model. (Tamay?)
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