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MULOGO

Rotating can as testbed

Two models:
kinematic
3D velocity non-divergent but no dynamics
CFD
nonlinear numerical model, Navier-Stokes equations

Strategy:
treat CFD as “reality” and take observations
treat kinematic model as “model”

Problem:
kinematic model can’t reproduce CFD trajectories even
with “best” choice of parameters

However:
similar coherent structures (Poincaré sections and/or
FTLEs) can be found in both systems
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MULOGO

Trajectories from Tamay

−1

0

1

−1

0

1
0

0.5

1

xy

z

u, v ,w from Navier Stokes with “wind” forcing
Reynolds number, Re=100

6 / 38



MULOGO

Kinematic representation of velocity field

(Pratt and Rypina)

u(x , y , z) = −x
3
(1− 2z)(1− r)− αy − 1

2
ε(1− βz)(1− r2 − 2y2)

v(x , y , z) = −y
3
(1− 2z)(1− r) + αx − ε(1− βz)xy

w(x , y , z) = z(1− z)(
2
3
− r)

r2 = x2 + y2

non-divergent, satisfy no-normal flow bc at r = 1, z = 0,1
ε controls strength of horizontal velocity at origin
β controls strength of vertical structure
α controls strength of horizontal swirling
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MULOGO

Model bias, Kennedy-O’Hagan framework

Data = Model + Bias

Reality + Noise = Model + Bias

CFD Simulation = Kinematic Model + Gaussian Process Model

uCFD(x , y , z) = uKM(x , y , z, α) + uB(x , y , z, α)

OR

uB(x , y , z, α) = uCFD(x , y , z, α)− uKM(x , y , z)
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MULOGO

GASP framework

input vector (i design points, d dimensions)
xi = {xi1, ..., xid}

simulation response at design points
yi(xi) = β + z(xi)

treat y ’s as draws from a Gaussian process
mean β E [z(xi)] = 0 Var [z(xi)] = σ2

z
correlation structure

Rij = corr [z(xi), z(xj)] =
d∏

k=1

exp{−θk (xik − xjk )
1.9}

untested point x̃
ri(x̃) = corr(z(x̃), z(xi)), r = (r1(x̃), ..., rn(x̃))′

BLUP (mean and standard error)
ŷ(x̃) = β + r′R−1(y(x̃)− β)

s2(x̃) = σ2
z (1− r′R−1r′ +

(1− 1′R−1r′)2

1′R−11′
)
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MULOGO

GASP cartoon N. Lawrence’s talk, “Learning & Inference w/GaSPs” (2005)

Gaussian Process Interpolation

demInterpolation
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Figure: Real example: BACCO (see e.g. [Oakley and O’Hagan, 2002]). Interpolation
through outputs from slow computer simulations (e.g. atmospheric carbon levels).

Neil Lawrence () Gaussian Processes 1st April 2008 47 / 88
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MULOGO

GASP framework, translation

input vector – (x , y , z, α) evaluate uCFD − uKM at N locations
{(x1, y1, z1, α1), (x2, y2, z2, α2), . . . , (xN , yN , zN , αN)}

response – bias evaluated at input vector values, uB

treat uB ’s as draws from a Gaussian process
correlation structure

R̂i,j = R((xi , yi , zi , αi), (xj , yj , zj , αj))

= exp(−θx |xi − xj |1.9 − θy |yi − yj |1.9 − θz |zi − zj |1.9 − θα|αi − αj |1.9)

find θ’s that maximize L(θ) = p(uB|θ,x,y, z,α)

untested scenario – (x̃ , ỹ , z̃, α̃) not used as input

how “close” is that scenario to those evaluated above

r̂ = (R((x̃ , ỹ , z̃, α̃), (x1, y1, z1, α1)), . . . ,R((x̃ , ỹ , z̃, α̃), (xN , yN , zN , αN)))
T

GaSP function – expected value of bias at the (x̃ , ỹ , z̃, α̃)

ûB(x̃ , ỹ , z̃, α̃) = β̂ + r̂T R̂−1(uB − β̂)
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T

GaSP function – expected value of bias at the (x̃ , ỹ , z̃, α̃)
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MULOGO

Strategy: design of inputs
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MULOGO

Strategy

data: sample CFD velocities at “spread out” locations
around can (inputs)

evaluate kinematic model at input locations and calculate
bias (responses)

fit GaSP as model of bias for each u, v , w

hard to fit, more natural w/inputs in cylindrical coordinates

tricky, need periodic correlation (Spiller et al, submitted to SIAM JUQ)
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MULOGO

velocity bias at various depths
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velocity bias at various depths
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MULOGO

velocity bias at various depths
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MULOGO

Comparison of velocity fields
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MULOGO

Comparison of velocity fields
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MULOGO

Comparisons of trajectories

Kinematic model

dx
dt

= uKM ,
dy
dt

= vKM ,
dz
dt

= wKM

CFD model

dx
dt

= uCFD,
dy
dt

= vCFD,
dz
dt

= wCFD

Bias corrected kinematic model (labeled RF)

dx
dt

= uKM + ûB,
dy
dt

= vKM + v̂B,
dz
dt

= wKM + ŵB
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MULOGO

Comparison of trajectories
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Comparison of trajectories
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Comparison of trajectories
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