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Overview: Identify Transport Geometry in Model Ocean Velocity Fields

‘Its deja-vu, all over again’, L.P.B.

LCS: Visualize time history of
Lagrangian kinematics in
Eulerian frame.
Color/classify/delineate IC field
based on common kinematics
Define Langrangian Structures
...
use definition to calculate
transport between structures.
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Overview: 1998⇒ 2014 (In two slides)

Models are much better (or
models have much higher
resolution)
’Explosion of submesoscale
energy’ (Capet)
Ageostrophic - ∇hu ∼ 0?
Interest has shifted to smaller
scales
LCS: No longer chasing
’slow/fat’, but ’fast/small’
... with vertical structure.

OCTOBER 1999 2649R O G E R S O N E T A L .

FIG. 11. Results of the aperiodic analysis for case III corresponding to (Re, !, k0) " (103, 0.103, 0.74).

TABLE 6. Nondimensional lobe areas for the lobes illustrated in Fig. 11 for case III.

Group A

Lobe Area

Group B

Lobe Area

Group C

Lobe Area

Group D

Lobe Area

1
5
9

1.425146
1.011310
0.497494

2
6
10

2.023283
1.451917
0.854587

3
7
11

0.138258
0.149030
0.2435717

4
8

0.613037
0.464254

periodic with a (constant) period of 60 for example,
then the lobe structure would be exactly replicated every
60 time units. The region occupied by lobes 1, 2, 3 and
4 at time t " 38 would be occupied by lobes 5, 6, 7,
and 8, respectively, at time t " 98, followed by lobes
9, 10, 11, and 12 at time t " 158, and so on. That is,
if the flow were time-periodic there would be a mapping
of the lobes in four groups,

group A: 1 ! 5 ! 9

group B: 2 ! 6 ! 10

group C: 3 ! 7 ! 11

group D: 4 ! 8 ! 12,

such that within a given group the lobes have exactly
the same size and shape. Table 2 lists the lobe areas that
have been calculated for each of the lobes depicted in

Fig. 9.1 Since the flow in this case is not time-periodic,
the lobe structure is not precisely replicated and the lobe
areas within each group are not constant. Over the first
cycle (t " 38–98; lobe 1 ! 5, 2 ! 6, 3 ! 7, 4 ! 8)
there is a 9% contraction of the overall lobe structure,
while over the second cycle (t " 98–156; lobe 5 ! 9,
6 ! 10, 7 ! 11, 8 ! 12) there is a 34% increase of
the total lobe area.
The size of the lobes also indicates how much fluid is

participating in the exchange between different regions
of the flow. Over each cycle, the transport between the
two regions can be computed by simply dividing the area
of the lobes participating in the exchange by the length

1 Lobe areas are computed every two time units using Green’s
theorem. Even though the shape of the lobes deforms considerably
over the available time interval, area conservation of individual lobes
is well-approximated in our analysis, with standard deviations less
than 4 # 10$5 for all lobes in all three cases presented.
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Overview: 1998⇒ 2014 (In two slides)

Models are much better (or
models have much higher
resolution)
’Explosion of submesoscale
energy’ (Capet)
Ageostrophic - ∇hu ∼ 0?
Interest has shifted to smaller
scales
LCS: No longer chasing
’slow/fat’, but ’fast/small’
... with vertical structure.

Sturges et al. (1993), who modeled Loop Current ring separation with an idealized
model forced by steady wind, described the pinching process as a long and gradual process
with no clear separation event. The exact time of Loop Current ring pinching and shedding
events are often dif!cult to determine precisely using Eulerian model !elds. Analysis
based on the EIMs, however, clearly de!nes the pinching and separation process.

e. Ring boundaries

The boundaries of the coherent rings formed by the EIMs differ considerably in
structure. For example (see Fig. 9), the manifolds bounding the forming LC ring W2 have

Figure 8. Effective invariant manifolds of X1 and X2 delineate the large warm core ring W1
(yellow) and the cyclonic eddy C1 (green). Blue lobes: Water entraining into the eddy from the
loop current. Red lobes: Water detraining from the eddy/ring system into the loop current.

2002] 417Kuznetsov et al.: The Loop Current & adjacent rings
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Overview: 1998⇒ 2014 (In two slides)

’Explosion’ of LCS techniques.
Interest has shifted from:
unstable (hyperbolic)
structures (boundaries)
To: stable (elliptic) structures
(cores)
Realization: ‘hyperbolic
invarient manifolds are
typically densely imbedded in
structures’ we want.
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’Explosion’ of LCS techniques.
Interest has shifted from:
unstable (hyperbolic)
structures (boundaries)
To: stable (elliptic) structures
(cores)
Realization: ‘hyperbolic
invarient manifolds are
typically densely imbedded in
structures’ we want.

DLE: T = 8 days
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Overview: 1998⇒ 2014 (In two slides)

’Explosion’ of LCS techniques.
Interest has shifted from:
unstable (hyperbolic)
structures (boundaries)
To: stable (elliptic) structures
(cores)
Realization: ‘hyperbolic
invarient manifolds are
typically densely imbedded in
structures’ we want.

DLE: T = 16 days
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Goal: Visualize transport in 1/50◦ HYCOM North Atlantic

Specifically: Dipole with strong, persistant Cold-Core Cyclone
Eddy-jet, eddy-eddy interaction - Cross-Jet exchange
2D + 1 + 1: Advect on Isopycnals
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Goal: Gulf-Stream Rings & HYCOM at 1/50 ◦

HYCOM data-set: ∆x ∼ 1.5
km.
30 isopyncal layers (surface
stacked).
Gulf stream rings with realistic
size, strength, frequency.
Energy at sub-mesoscales
(< 10km) in model.
(sub-mesocale eddy
permitting)
Complex, small-scale vertical
tracer structures.
Database: 12hr fields (90,000
particles)
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Goal: Gulf-Stream Rings & HYCOM at 1/50 ◦

HYCOM data-set: ∆x ∼ 1.5
km.
30 isopyncal layers (surface
stacked).
Gulf stream rings with realistic
size, strength, frequency.
Energy at sub-mesoscales
(< 10km) in model.
(sub-mesocale eddy
permitting)
Complex, small-scale vertical
tracer structures.
Database: 12hr fields (90,000
particles)

Salinity
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Goal: Gulf-Stream Rings & HYCOM at 1/50 ◦

HYCOM data-set: ∆x ∼ 1.5
km.
30 isopyncal layers (surface
stacked).
Gulf stream rings with realistic
size, strength, frequency.
Energy at sub-mesoscales
(< 10km) in model.
(sub-mesocale eddy
permitting)
Complex, small-scale vertical
tracer structures.
Database: 12hr fields (90,000
particles)

Temperature (∆T = 1◦)
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Functional Approaches to Transport Geometry:

Koopman Formalism: (Budišić, Mohr & Mezić)
I Consider finite-time map (flow) T : M → M
I Koopman Operator: UT : F → F

[UT f ] = f(T(p))

I Nonlinear ODES in Rn
→ spectrum of linear operator UT .

I Koopman modes from Lagrangian averages of specified basis set
. . .

fk (x) = e2πik ·x

I Challenges in Ocean Context:
F Open flow: M essentially non-compact T : M → M′, M ⊂ M′.
F Finite time: No well defined averaging time: µ(M′) = g(t)
F Open flow and/or Finite time→ well defined partition? No strictly

invarient sets.
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Lagrangian kinematics via time-averaged Eulerian Observables

Chose set of observables:
fk (x)

Examine:

fk (x0)τ =
1
τ

∫ τ

0
fk (T(x0))dt

For finite-time,
non-time-periodic flows, chose

I Time-scale via τ.
I (Nominal) length-scale via

fk (x).

f1 = − sin(y/2)

f1, τ = 04 days
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Lagrangian kinematics via time-averaged Eulerian Observables

Chose set of observables:
fk (x)

Examine:

fk (x0)τ =
1
τ

∫ τ

0
fk (T(x0))dt

For finite-time,
non-time-periodic flows, chose

I Time-scale via τ.
I (Nominal) length-scale via

fk (x).

f1 = − sin(y/2)

τ = 08 days
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Lagrangian kinematics via time-averaged Eulerian Observables

Chose set of observables:
fk (x)

Examine:

fk (x0)τ =
1
τ

∫ τ

0
fk (T(x0))dt

For finite-time,
non-time-periodic flows, chose

I Time-scale via τ.
I (Nominal) length-scale via
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Lagrangian kinematics via time-averaged Eulerian Observables

Chose set of observables:
fk (x)

Examine:

fk (x0)τ =
1
τ

∫ τ

0
fk (T(x0))dt

For finite-time,
non-time-periodic flows, chose

I Time-scale via τ.
I (Nominal) length-scale via

fk (x).

f1 = − sin(y/2)

τ = 32 days
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Depth dependent Observables

Issue: Disparate average v
with depth.
Disparate average trajectory
length.
Fix: Depth dependent
averaging times.

τ = τ(∆ρ)

T = 7 days: 3 Layers
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Depth dependent Observables

Issue: Disparate average v
with depth.
Disparate average trajectory
length.
Fix: Depth dependent
averaging times.
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Depth dependence: Observable kx = 0, ky = 1/2
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Time Dependence: Near Surface: kx = 0, ky = 1/2, Isopycnal 2

DAY=70
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Time Dependence: Mid-depth/Shelf: kx = 0, ky = 1/2, Isopycnal 15

DAY=70
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Partition: By Isovalues in Rn

Group by iso-values of single
observable, fk (x0)

Different kinematics - similar
isovalues.
Consider simultanenous
vector of observables:

f(x) =
{
f1(x), f2(x), . . . , fn(x)

}
On averaging: f : x0 → R

n

Color x0 by similarity in Rn

(cluster algorithm)
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Partition: Example

A Very Simple Example:
Basis Set:

fk ,l = cos(kx) cos(ly)+i sin(kx) sin(ly)

k = {0,1/4,1/2}
(9 × 104) × 23 points in R16

Standard, quick, (dumb?)
k-means clustering
6 clusters
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6 Cluster Partition: Day 90

Isopycnal 1 Isopycnal 7 Isopycnal 17

Isopycnal 18 Isopycnal 19 Isopycnal 20

Isopycnal 21 Isopycnal 22 Isopycnal 23

Koopman-HYCOM 20 / 22



Partition: 3D Time Dependence
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Summary:

Koopman approach - simple, readily implemented, efficient means
of identifying advective transport geometry in Eulerian frame.

I Select: τ and nominal scales of interest through f.
I Arbitrary dimensions. (2D/3D + 1)
I Complex flows (arbitrary time/space dependence)

Open question: Partition in open flows
I Optimal basis sets? (Wavelets, . . .)
I Convergence? Within basis, across bases, with τ?
I Finite-Time: Harmonic (phase) averaging.
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