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The generation and propagation of acoustic-gravity—Scholte wave fields produced by
different types of nonlinear interactions between ocean surface waves and shallow, non-
uniform depth contours of an elastic seafloor are investigated. Specifically, nonlinear
interactions between surface waves and the seafloor, surface waves themselves and the
seafloor, and acoustic-gravity-waves and the seafloor are shown to produce resonantly
strong bottom pressures. Whereas the interaction between shoreward-propagating surface
waves and seafloor depth contours (and the resulting seafloor waves and microseisms)
has been discussed in the literature, not much is known about the compression wave—
seafloor wave groups forming an important component of the overall energy transfer
process in shallow water. Forcing due to the different wave interactions involving the
seafloor depth contours and the dispersion relations for the coupled ocean—seafloor
system are derived, providing estimates of the energy transfer that results at resonance
when the interaction produces a wavenumber—frequency combination that lies on one
of the dispersion surfaces for the two-media system. Wavenumber spectra and their
temporal evolution are found analytically for stationary random surface-wave fields, and
the acoustic-gravity wave potentials, seafloor pressure amplitudes, seafloor power densities
and Scholte wave amplitudes are computed, and their sensitivity to critical parameters is
estimated. The nonlinear interactions derived here may account for some of the 200 %
increase of low-frequency (0.01 < f < 0.03Hz) spectral densities of bottom pressure
observed between 25 and 8 m water depths in the Atlantic Ocean at a site off Duck,
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NC. Further, subject to experimental validation, the power densities estimated here could
contribute energy for sensing operations.

Key words: surface gravity waves, elastic waves, shallow water flows

1. Introduction

Wave—wave interactions in deep water have been of great interest for many years (Longuet-
Higgins 1950; Phillips 1960; Hasselmann 1962; Hasselmann 1963; Hasselmann 1966, and
many others). Such interactions have been studied, for example, as a mechanism for spatial
and temporal evolution of surface-wave spectra (Komen & Hasselmann 1996), and as a
mechanism for generation (by multidirectional surface-wave interactions) of seafloor mi-
croseisms observed during and following the passage of storm systems (Longuet-Higgins
1950; Hasselmann 1963). The contribution of wave—wave interactions in multidirectional
surface-wave fields to low-frequency ambient ocean noise in the deep ocean has been
quantified (Hughes 1976; Webb & Cox 1986; Kibblewhite 1989). The compression-
pressure waves in the water column and surface waves on the seafloor resulting from
ocean—surface-wave interactions also have been studied (Ardhuin & Herbers 2013).
Numerical solutions to investigate the effect of acoustic-speed variations over the water
column on the wave system in the water column and the seafloor have been obtained
(Jensen et al. 2011). An analytical technique also has been used to study these wave fields
in response to seafloor movements (Eyov et al. 2013), and studies have investigated the
propagation of surface-wave fields generated as part of the seafloor-wave—compression-
wave system by seafloor movements (Stiassnie 2010; Abdolali & Kirby 2017; Abdolali,
Kadri & Kirby 2019; Meza-Valle, Kadri & Ortega 2023; Williams & Kadri 2023).

A combined wave field comprised of compression waves and seismic waves and its
effect on the generation of a surface wave was investigated previously (Abdolali &
Kirby 2017; Abdolali et al. 2019). The wave field inside the water layer was derived by
modelling the compression waves as density variations over the ‘reference state’ of the
ocean where no waves exist (Bondi 1947). The free-surface boundary condition with this
formulation includes a gravity term leading to a free-surface velocity. When combined
with similar incorporation of the gravity term in the seafloor waves (Abdolali et al. 2019),
the overall formulation can be used to study the cogeneration of the compression waves,
seismic waves and surface waves (e.g. tsunamis) in response to seafloor perturbations.
The cogeneration (along with surface waves) by wind gusts of a related wave field termed
‘hydroacoustic waves’ (Renzi & Dias 2014) was analysed as a solution to an initial-value
problem. Also investigated analytically for mildly non-uniform media was the propagation
in deep water of wave groups comprised of compression waves in the water and surface
waves on the seafloor (Korde 2024), and generated by second-order interactions between
multidirectional stationary random surface waves (Hasselmann 1963). That work does not
include the gravity term, and considers only the generation of compression waves in water
and seafloor waves in response to the forcing of the undisturbed sea surface by a stationary
random disturbance provided by the second-order pressure generated by the wave—wave
interactions of multidirectional surface waves. Further discussion of the omission of the
gravity term for the frequency range of interest here is included in Appendix A.1.

The compression waves in the water are generated by surface-wave interactions, and
are referred to as ‘acoustic-gravity waves’ (Ardhuin & Herbers 2013). Further, the surface
waves on the seafloor essentially are Rayleigh waves with the top medium being water
rather than air, and hence are termed ‘Scholte waves’ here.
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Acoustic-gravity waves were studied as part of a three-wave resonant triad (Kadri &
Akylas 2016) where the amplitude and energy of these waves was estimated under
different degrees of tuning. The effect of non-uniform water depth on these waves in
deep water was investigated using depth-averaged equations (Renzi 2017). A linear
approach was used to derive the dispersion relations for a mildly sloping seafloor (Eyov
et al. 2013). The effects of other non-uniformities also have been investigated, e.g.
the effect of non-uniform water density was studied analytically using a perturbation
approach (Michele & Renzi 2020). The effect of mild non-uniformities in propagation
velocities in water and the seafloor was studied within a linear formulation to solve for
wavenumber—frequency spectra (Korde 2024).

Here, previous work in deep water (Korde 2024) is extended to study acoustic-gravity—
Scholte-wave wave groups in shallow water, for which different (and some new) nonlinear
interactions potentially have a much larger effect than in deep water. The present treatment
provides an analytical approach to determine the statistics of the compression-seafloor
wave groups in the form of wavenumber—frequency spectra, and enables comparison with
seafloor pressure spectral density results. However, because the gravity term is neglected,
it does not quantify the effect of the nonlinear interactions of interest on the surface-wave
field. Previous studies of surface-wave interactions in shallow water include: (i) wave—
wave interactions in multidirectional wind-wave fields (Freilich & Guza 1984; Elgar &
Guza 1985; Herbers & Guza 1991; Kaihatu & Kirby 1992; Kirby 1992; Herbers & Guza
1994; Kaihatu & Kirby 1995, and many others); (ii) interactions between wind-waves
or swells and their reflections from shore (Dunnebier et al. 2012; Bromirski, Stephen &
Gerstoff 2013, and many others); (iii) interactions between swells approaching the shore
and the seafloor depth contours (as on a continental shelf, figure 1) (Hasselmann 1963),
which have received relatively less attention.

The wave—seafloor interactions were considered as a potential mechanism for generation
of low-frequency primary microseisms, such as the observed 27 s period microseisms
(Oliver 1962; Hasselmann 1963). It has been proposed that the nonlinear interaction
between long swells and a sloping seafloor was one of the mechanisms for the generation of
the Earth’s hum, particularly in the frequency range f < 0.1 Hz (Webb & Crawford 1999;
Ardhuin, Gualtieri & Strutzmann 2015). Results for vertical and horizontal components
of seafloor pressures due to the interaction of low-frequency, infragravity surface waves
with sinusoidal, sloping and randomly varying seafloor geometries were obtained to
estimate low-frequency microseism amplitudes (Ardhuin 2018). As discussed above, the
complete system has been analysed using three wave equations to model the coupled
acoustic—surface-wave system, and the dilatational and distortional waves in the seafloor
(Abdolali & Kirby 2017;Abdolali et al. 2019). Here, the focus is on nonlinear interactions
between surface waves and the seafloor and the compression waves and seafloor waves
arising from these interactions. In contrast, most work to date on surface-wave—seafloor
interactions considers just their role in the generation of seafloor waves and microseisms.
However, these interactions also produce compression waves in the water, and fully
accounting for the coupled dynamics of the combined water—seafloor system in shallow
water could enable a better understanding of low-frequency seafloor vibrations generated
by surface-wave—seafloor interactions. Moreover, such a study is necessary for deriving
accurate estimates of the acoustic-gravity-wave power densities at the seafloor for sensing
applications in which a long-term source of energy is required. The focus here is on
nonlinear wave interactions in shallow water (in which the seafloor plays a prominent
role) that lead to resonant excitation of acoustic-gravity and Scholte waves.

Here, the acoustic-gravity—Scholte-waves generated by nonlinear interactions between
surface waves and the seafloor (and propagating as groups) are investigated.
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Figure 1. Colour contours of bathymetry (scale on the right-hand y-axis) offshore of the Outer Banks of North
Carolina extending from approximately 80 m water depth to the shoreline. Bottom pressures (symbols) were
observed in 25, 13 and 8 m water depth. Nonlinear interaction between shoreward-propagating swells and depth
contours generates acoustic-gravity—Scholte wave fields in the water-column—seafloor system.

A two-media system comprised of a shallow-water compressible ocean and a sloping
elastic seafloor is considered (see § 5 for more details). Given the focus on compression
waves in water and just the surface waves on the seafloor, only the top layer of the seafloor
is assumed to play an active role. The dissipation constants for propagation of the acoustic-
gravity waves over the seafloor (Kibblewhite 1989) were obtained from previous field
observations, while for propagation through water (figure 5 in Gottwald 1970) these are
derived empirically from published data. The surface-wave elevations, acoustic-gravity
waves and Scholte waves are assumed to be stationary random processes. In addition
to surface-wave—seafloor interactions, interactions between two surface waves and the
seafloor, and acoustic-gravity waves and the seafloor also are considered. The focus is on
interactions that excite resonances. The temporal evolution of the wavenumber—frequency
spectra for forced waves at the seafloor is derived, and based on these spectra, the Fourier
coefficients for seafloor pressures under acoustic-gravity waves, Scholte-wave amplitudes,
and the seafloor acoustic-gravity-wave power densities are estimated for forced waves
at resonance in the presence of dissipation. Although the setting for the calculations is
provided by a seafloor pressure measurement programme near the Outer Banks of North
Carolina (figure 1) (Herbers & Guza 1991; Elgar, Herbers & Guza 1994; Herbers & Guza
1994), and the results are compared with the corresponding measurements (Elgar er al.
1995), the methods developed here are applicable to most shallow water locations with
sloping seafloors. Further, although the calculations are specific to the case when surface
waves are normally incident to the seafloor contours, the formulation is applicable for
a wider range of conditions. Potential applications include interpretation of seafloor and
shore-based microseism records during storms, study of temporal and spatial variability in
the Earth’s hum, and energy generation at the seafloor from second-order wave—seafloor
interactions. The sensitivity of the results to the seafloor elastic parameters, dissipation
coefficients and local water depth is investigated analytically.
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Expressions for the seafloor pressure resulting from a nonlinear interaction between
surface waves and a sloping seafloor are derived in § 2, and other sources of second-
order forcing on the seafloor arising from wave—wave interactions are examined in § 3.
Interaction between two surface waves and the seafloor is analysed in § 4. The dispersion
relations for the shallow-water water-column-variable-depth system are derived in §5,
where the effect of depth non-uniformity on the acoustic-gravity—Scholte wave groups
is discussed, and the forcing due to interactions between acoustic-gravity waves and
seafloor depth non-uniformities is derived. Generation of forced waves in the two-media
system in the presence of dissipation effects is discussed in § 6. The conditions and
parameters used in the calculations are summarized in § 7, while the main results, which
include frequency spectra for seafloor pressures under forced waves, seafloor pressure
amplitudes, seafloor power densities, and Scholte wave amplitudes are presented in § 8.
Sensitivity of the results to imprecise knowledge of seafloor elastic parameters, dissipation
coefficients and the local water depth is investigated in Appendix A. As discussed in § 8,
the nonlinear interactions derived here may account for some of the 200 % increase of low-
(0.01 < f <£0.03Hz) and higher-(f ~ 0.22 Hz) frequency spectral densities of bottom
pressure observed between 25 and 8 m water depths in the Atlantic Ocean at a site offshore
of Duck, NC (figure 1).

2. Excitation due to surface-wave-seafloor interactions

When a source of excitation in the water or on the seafloor has a wavenumber and
frequency that falls on the dispersion surface for the acoustic-gravity—Scholte wave field
in the shallow-water—seafloor coupled system (§ 5), natural modes of the acoustic-gravity—
Scholte wave field are excited, causing resonance. Here, the wave field is forced by the
external source generated by the nonlinear interaction between surface waves and a non-
uniform seafloor (Hasselmann 1963). The surface-wave field is assumed to include both
shoreward-propagating waves and their reflections. The method developed in Ardhuin
(2018) (main document and Supplementary information) may be used to understand the
excitation of acoustic-gravity—Scholte wave groups by surface waves propagating over a
non-uniform seafloor. Here a somewhat different approach is investigated, as described
below. A coordinate system is introduced where the axes (X, z) are located at the
undisturbed free surface, and

X=x, z=—H+h(x), 2.1

where x and z are the cross-shore and vertical coordinates, and 4 (x) describes the bottom
profile. Thus, if A(x) =0, z=—H. It is assumed here that A(x) is a mildly varying
function of x in the sense that a uniform-depth approximation may be used in deriving
the boundary conditions as long as the correct depth is substituted at each x in the final
steps (Whitham 1973). Under linear finite depth theory, for a particular wavenumber—
frequency combination (k, o), the z-component Z(z) of the assumed solution X (x)Z(z)
to the Laplace equation is

Z(z) =Cqsinhkz+ Crcoshkz, (2.2)

where C; and C; are constants, and k denotes the surface-wave wavenumber. Letting
I' (x, z; t) represent the velocity potential for surface waves, for X (x) ~ expli(kx — ot)],
the free surface condition becomes

ar o2
— ——TI =0, (2.3)

0z g
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where o is the surface-wave angular frequency, ¢ is time and g is gravitational acceleration.
Substitution of Z(z) from (2.2) into the boundary condition at z = 0 implies

o2
kCy — —Cp=0. 2.4)
8
At the boundary z = —H + h, to first order, d1"/dz = 0. This condition implies that
kCicoshx(—H 4+ h) +kCysinhk(—H + h) =0. 2.5)

Equations (2.4) and (2.5) lead to the surface-wave dispersion relation subject to the mildly
variable depth approximation,

o> =gk tanhx H (1 — h/H). (2.6)
The surface-wave velocity potential I"(x, z; t) then becomes
sinhk H(1 —h/H)
coshk H(1—h/H)
Following some algebra,

I'x,z;t)=Cy |: sinh xz + cosh /cz:| exp (i(kx —ot)). 2.7)

C h +H(l—-h/H
x,z;t)= 2 C(():SOS}TIEZH(I —(h/H)/ ) exp (i(kx —ot)), (2.8)

which can be expressed as
I'(x,z;t)=Comg(kz, kh)exp (i(kx —ot)), 2.9)

where it is noted that / is a function of x. Here
h H(—-nh H
matez, kh(x)) = Sk G HA = h&)/H) (2.10)
coshk H(1 — h(x)/H)
With the coefficient C, determined as shown below, mg(kz, kh(x)) in (2.9) describes
the modulation of the surface-wave field by variable seafloor topography (cf. equations
(9) and (12) in Ardhuin 2018). Further, because the present formulation is in terms of
wavenumber—frequency spectra, the spatial modulation of amplitudes of individual wave
components is mapped into the wavenumber domain.
The application of the linearized dynamic free-surface condition at z =0,

ar

s6="- .11

leads to, from (2.8), C» =igdZ(k, 0)/o. The dynamic pressure at the seafloor z=—H +
h can be expressed as

pg&(x, 1)
coshk H(1 —h/H)’
where p is the density of seawater. It can be argued that

coshk H(1 —h/H) =cosh(k H — kh) =coshkH coshxh — sinhk H sinhkh, (2.13)
and for small &, cosh kh ~ 1 and sinh ki ~ K h, so that

coshk(H —h/H)=~coshkH —khsinhk H=coshkH (1 —khtanh« H). (2.14)

Hence,

px,—H +h;t)=

(2.12)

1 1 1  tanh  H)~! (1 +«khtanhk H) 2.15)
~ — kh tanh k ~ . .
coshk H(1—h/H) coshkH coshk H
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The pressure at the seafloor then can be approximated as

(x,t) K tank H
coshkH cosh«H

p(x, —H +h;t) =pg [ g(x, t)h(x)] ; (2.16)

where it is made explicit that £ is a function of x. The second term in the square brackets
contains a product of two x-dependent quantities that can be expressed in the wavenumber
domain by means of a Fourier—Stieltjes integral as (Phillips 1960)

/ dzZy(k, 1) = / / dZ(k', t)dH (k) exp [i (k' + k) - x], (2.17)

k K’ kg

where bold indicates a vector, k’ represents the wavenumber vectors for the surface eleva-
tion and k denotes the wavenumber vectors for the seafloor. The right-hand side of (2.17)
represents infinite combinations of k' and ky arising from the interaction of the surface
wave and the seafloor as approximated above. The surface-wave dispersion relation (2.6)
implies that the wavenumber is a function of x for a given frequency, and thus a continuous
spectrum of wavenumbers is required to satisfy (2.6), with the seafloor contributing its
own wavenumbers. Here, the focus is on a subset of («’, k) combinations for which for a
given frequency o the vector sum k' + kg lies on a dispersion surface for acoustic-gravity
waves in the water-column—seafloor system (see § 5). A further restriction is introduced
here by choosing k' to be k(¢ where k¢ satisfies the surface-wave dispersion relation at a
known depth for a mildly varying seafloor, and the wave—seafloor interaction is observed
shoreward of this location. Thus, here the pressure p(x, —H + h; t) is approximated as

3t
px,—H+h;t)~ petlxi 1) + pa(x, 1), where
cosh ko H
kopg tanh ko H 2
palx,t) = —— ¢ (x, t)h(x), o” =grptanhkoH. (2.18)
cosh ko H

In terms of wavenumber spectra,

; K tanh ko H
patx. 1) = / dPae’®* = pg f L0P8 TR0 4 7(1co, 1)dH (ky) exp i (ko + Ks) - x] .
cosh ko H
k kg
(2.19)
Although a more general seafloor profile 4 (x) such as expanded above and as described
in (5.18) and (5.19) (§ 5) could be used, here a depth profile is employed where random

features are superimposed on a mildly sloping seafloor, which can be represented as
h(x) =bx +ex? + ... +r(x), (2.20)

where r(x) is an amplitude-limited random function of x and may be treated separately
(§5), and hence is not considered further here. Assuming ¢ < b, the seafloor profile is
simply & (x) =~ bx. The slope b > 0 for —oo < x <0, and b <0 for the image space 0 <
x < oo. This function is Laplace transformable, and its Fourier transform F;(y) can be
composed using

0 00
Fuy) = / b(—x)e 7 dx' + / bx'e V¥ d @.21)
J J
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where x’ is a dummy variable for the horizontal coordinate, y =€ + iky with 0 <e <« 1,
and k; is the seafloor wavenumber. It is seen that, as € — 0,

2b
Fs(y) = Fs(ky) = 7 (2.22)
N
To force Fy (k) to have finite values as k; — 0 it is written as (Hasselmann 1976)
2b(1 — cos kgx)
S
With two applications of L’Hdspital’s rule, the limit of Fy(k;) as ks — 0 is
2(1 — k
lim 20008k 2 (2.24)

ks—0 k2

As x — oo with kg — 0, the limiting value bx? gets increasingly larger, forming a peak
with a width decreasing as 1/x. The Fourier transform Fj(ks) can then be expressed
as bx8(kg), where 8(-) is the Dirac delta function (Hasselmann 1976). Here, F;(ky) is
averaged (indicated with an overbar) over the shelf length L assuming that L,, < Lg
where L., is the surface-wave length. Thus, for kg — 0,

Ly
2
Fy(ks) = T / bx§(kg)dx =bLS(ks), ks — 0. (2.25)
R 0
Whereas for kg > 0,
Ly
2 2(1 — cos kg 2b inkgL
S:-/( ws”m=—1—mss,mw. (2.26)
L k2 ksLy
0
Hence,
2b sin kgL
Fy(ks) = | bLS(k 1- . 227
(ks) = [ ()+ks< KL )] (2.27)
The seafloor profile now can be represented as
1 -
h(x) = E / dFy(ky) exp(iks - x), dFy(ky) = Fs(ks)dks, (2.28)

ks

where k; is the magnitude of k. Here d F (k) is the Fourier—Stieltjes representation dH in
(2.19). Here

dZ(kg, t) tanh ko H
coshkoH

dPa(k, 1) = pg [(KQ ) dFS(ks)} , k=K +k;s. (2.29)
The surface-wave wavenumber (k) in the following is the same as that in (2.18), with the
subscript 0 dropped. The seafloor pressure Fourier coefficient as shown in (2.29) indicates
that the resulting pressure results from an interaction between the surface wave and the
seafloor and depends on the surface wavenumber k and the seafloor wavenumber k; and
has a wavenumber k as determined by the vector sum of k¥ and k. This pressure leads to
an acoustic-gravity—Scholte wave group at a wavenumber—frequency combination (k, w),
where w = o . For propagation along the x-axis, the temporal evolution of the wavenumber
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spectrum Sp, (k, t) for dP (k, t) can be found as

« tanh k H \

dPAdPy = p’g? ( - ) dZ (i, 1)dZ* (ic, )dFy (ky)dFF (k). (2.30)

When « is determined as described above (cf. (2.18),

dPAd P
Spa(k, 1) =—1—= = (2.31)
which can be expressed as
tanh x H
Spy(k, 1) = p // < e ) K28, (k. 1)Syp ()8 (k — i — ky)diedky,  (2.32)
coshk H

Kk

where S, is the wavenumber spectrum of the surface waves and Syr is the wavenumber
spectrum of the seafloor. Here Sp, (k, t) provides the forcing for the acoustic-gravity wave
field generated by the interaction of the surface waves with the sloping bottom. Equation
(2.32) can be expressed in terms of wavenumber—frequency spectra via a Fourier—Stieltjes
expansion into wavenumber space. Resonance occurs for propagation in the x direction
when for a particular frequency w, the wavenumber £ is such that (k, w) lie on a dispersion
surface for an acoustic-gravity—Scholte wave group excited by the pressure-spectrum in
equation (2.32). The present approach for modelling the seafloor slope is convenient and
is general enough to allow extensions to more complicated seafloor topographies.

3. Direct second-order pressure generation

Except as the water depth approaches zero, three surface waves with frequencies oy,
0y and o3 where o1 + 02 =03 do not have corresponding wavenumbers that satisfy
the resonance condition k1 + k7 = k3 (Phillips 1960; Hasselmann 1962). However, a
three-wave interaction such as

K1 +kKkr=k,
olt+o=w (3.1)

can produce a combination (k, w) that lies on one (or more) of the dispersion surfaces for
an acoustic-gravity—Scholte wave field and hence can excite an energetic acoustic-gravity
wave field.

The nonlinear terms V,I" - V¢, (d'/3z)% and £(3%I'/dz%) also contribute to the
second-order pressures on the seafloor (V, denotes the gradient operator with just the hor-
izontal components included, to distinguish it from the gradient operator V as used else-
where) (Ardhuin & Herbers 2013). The three terms are considered further in the following.

Using the surface elevation ¢ based on linear theory, the Fourier—Stieltjes expansion for
the pressure term p41(x, t) corresponding to V,I" - V¢ at £ =0 can be expressed as

" ////IC <k’ coshi(z+ H —h)
pa1(x. 1) ==pg " coshk(H —h)

KK (7(7

x dZ(k,0)dZ' (', o) exp [(k + &) - x — (0 +0") 1]. (3.2)

Similarly, the pressure terms pgo(x, ) and pg3(x, t) corresponding to (d1°/ 9z)2, and
£(9*I"/3z%) can be expressed in terms of their Fourier—Stieltjes expansions as
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) kk' (sinhk(z+ H —h)\ (sinhk'(z + H — h)
pdz(xst)=_pg ’ /
oo coshk(H — h) coshk/(H — h)
kK’ oo’

xexp[(k+k')-x—(0c+0)1], (3.3)

and
pa3(x, 1) =—pg? // // KO_.GK, dZ(k,0)dZ (k', o'y exp [(k + ') - x — (0 +0") 1].
KK oo (3.4)

For all three pressure components, for the unidirectional case when x and «’ are both
shoreward propagating,

K +x' =k,
o+o =w. (3.5)

Here k > «, k" and w > o, ¢’ for the wavenumbers and frequencies commonly observed
in surface gravity wave spectra in the (0.01, 2.00) Hz range. No wavenumbers « for such
waves are small enough to form a combination (x, o) that lies on one of the first three
acoustic-gravity dispersion surfaces (wave scattering can be significant for higher modes
(Hasselmann 1963; Jensen et al. 2011)), and thus the second-order terms do not lead to
resonant interactions and hence do not produce longer-lasting interactions such as the
surface-wave—seafloor interactions examined in § 2. An interaction between oppositely
propagating incident (/) and reflected (R) surface waves would produce an acoustic-
gravity wave field with k =0, and w =20. The dispersion relation defining this wave
field is given by (Jensen et al. 2011; Korde 2024)

/ /
ﬂa/ azﬂ, a/zﬁ, (3.6)

atanaH = s
A c1 Cp

where A and A’ are Lamé constants associated with dilatation of the fluid particles and
of the seafloor, respectively, u’ is the Lamé constant associated with distortion of the
seafloor, ¢ denotes the acoustic velocity in salt water and ¢, is the dilatational wave
velocity in the seafloor.

In the limiting case of a rigid seafloor, A, ' — oo, and

tanoaH — 0o, = cosaH — 0,

w, H

or, —>(2n+1)%, n=0.1 2. ... (3.7)

C1
because k = 0 (Longuet-Higgins 1950; Kadri & Akylas 2016; Korde 2024). The resonance
frequencies for the elastic seafloors would be in the neighbourhood of these w;,, values. The
fundamental-mode (n = 0) resonance frequency for H — 13 m is approximately 28 Hz,
which is far out of the frequency range of surface-gravity wave spectra.

For the shallow water depths (~ O (10 m)) resonance can be expected only for the higher
modes n > 3, for which scattering effects may be large and the resulting acoustic-gravity
wave field may not be sufficiently energetic.

For these reasons, the second-order pressure generation mechanisms described above
are not considered further, and the focus is on wave interactions in which the seafloor
plays a role. Interactions between incident and reflected waves of nearly equal frequencies
and the seafloor are considered in § 4.
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4. Wave-wave-seafloor interactions

Two types of three-wave interaction in shallow water are considered here: (i) one involving
a shoreward-propagating wave, a reflected wave and the seafloor; (ii) the other involving
the difference frequency wave resulting from quadratic interaction of two shoreward waves
and the seafloor. Wave—wave—seafloor interactions generating another surface wave have
been investigated (Arduin, Drake & Herbers 2002). In contrast, the object here is to
study such interactions when they lead to acoustic-gravity waves. An interaction between
incident and reflected waves of unequal, but comparable frequencies and a sloping seafloor
can lead to a resonant combination (k, w) such that

ICI +KR +kS:ka
or+or+0=w. “4.1)

For unidirectional surface waves and seafloor contours,

K —kr —ky =k,
O] +OR =W, 4.2)

where (k, w) is a point on the acoustic-gravity—Scholte wave dispersion curve for the depth
H and the known A, A’ and u’.

Other interactions of interest here involve difference-frequency waves resulting from
quadratic interactions between two shoreward propagating waves with closely spaced
frequencies. Nonlinear interaction of these low-frequency, low-wavenumber waves with
the seafloor could produce energetic acoustic-gravity and Scholte waves. When the wave
components are normal to the seafloor contours,

K1 —ky — ks =k,
o1 — 0y =w. 4.3)

Letting « represent «; or k1 and k" denote kg or k», the treatment below can be applied
to both types of interaction ((4.2) and (4.3)). Specifically, the free-surface boundary
condition is linearized and satisfied at the undisturbed free surface z = 0. It is proposed
that the wave—wave—seafloor interactions of interest can be understood as a second-order
interaction between two surface waves as represented by the quantity (VI7)? (where V
represents the full gradient) and its second-order interaction with the seafloor. In shallow
water over a flat seafloor, the pressure resulting from the (VI")? term is cancelled by the
pressure from the u? term at the seafloor (Ardhuin & Herbers 2013). When the seafloor
profile is mildly non-uniform the 91°/dz term is non-zero at second order, which also
results in second-order variation in the horizontal velocity (because V - u =0). The goal
here is to quantify the pressure resulting from second-order interactions between the
(VI)? term and the seafloor profile.

The pressure spectrum due to the (VI")? at z = 0 is evaluated for two interacting surface
waves using a modified form of the spectrum in Hasselmann (1963) that includes a depth
correction factor d. = tanh « H tanh k" H attached to the wavenumber product representing
the vertical derivatives,

2

kKk'd. — kK
S(K', w) = /f /f Se (e, 0)Ser (i, cr)( 0o ) S(k' — Kk — ')
K,0 k.o’
x 8(w — o Fo')dk de’dodo’. 4.4)
Equation (4.4) is consistent with (A.2) in (Ardhuin & Herbers 2013) when applied at z = 0.
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The wavenumber spectrum in (4.4) is based on the second-order pressure as defined
by p(VI)?, where the gradient operator includes the vertical component (the terms x«’
appearing alongside the terms k - ¥’ in (2.12) in Hasselmann (1963), which was adapted
into equation (5.5) in Korde (2024)),

k+k' =k,
oc+o =w. 4.5)

The pressure variation due to (VI7)? acts at z = 0. The effect of this pressure variation
can be replaced by an equivalent free-surface elevation ¢, given by

(4.6)

The interaction of the equivalent surface elevation ¢., with the seafloor can be evaluated
using the method of § 2 for propagation in the x direction, starting with

k' tank’'H
coshk’H
Subsequent steps similar to those in § 2 lead to

pag(x, —H +h; 1) = pg Ceq(x, 1) (x). 4.7

Sps(k, 1) = p*g* / / K k'S, (k' 1)S (k)8 (k — k' — ky)dK'dk,, (4.8)
k'k
where, using (4.6),

, SL(k', 1)
Seq(k', 1) = W

Equation (4.9) can be expressed in terms of wavenumber—frequency spectra via
a Fourier-Stieltjes expansion into wave frequency space. This pressure variation at
the seafloor (representing the two types of wave—wave—seafloor interactions above)
contributes one source of excitation to the acoustic-gravity—Scholte wave field in the two
media system comprised of the water column and the seafloor (see §5). The temporal
evolution of the acoustic-gravity—Scholte wave field can then be derived using the
approach summarized in § 6.

4.9)

5. Acoustic-gravity-Scholte wave field in shallow water over non-uniform depth

Amplitude variations for acoustic-gravity waves in shoaling depths were computed using
energy flux arguments (Eyov et al. 2013), and a perturbation approach within a depth-
averaged formulation (Renzi 2017) was used to evaluate the amplitudes and frequencies
of acoustic-gravity waves over a mildly sloping seafloor. Here, an approach based on the
coupled mechanics of acoustic-gravity and Scholte waves is employed, and the different
wave fields are assumed to be stationary random processes. Wavenumber—frequency
spectra are derived for a wave field comprised of compression waves in the shallow ocean
layer and Scholte waves on a linearly sloping seafloor with random features superimposed.
A perturbation approach is used to accommodate the depth non-uniformity.

The domain consists of a finite ocean layer and a semi-infinite seafloor layer. Surface-
wave forcing by the acoustic-gravity—Scholte wave field represented by a gravity term
(Bondi 1947; Abdolali & Kirby 2017) is neglected because it is relatively small for
the frequency range considered here (see § 6 and Appendix A) given the focus on the
nearshore acoustic-gravity—Scholte wave groups. However, inclusion of the gravity term
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in the equations of motion impacts the phase velocities of generated wave fields for long
wavelengths in the presence of water compressibility and seafloor elasticity (Abdolali
et al. 2019), and the treatment below is limited to frequencies f > 0.01 Hz. However,
inclusion of the gravity term in the derivation of the dispersion relations below would
enable an extension of the results here to include similar interactions with longer-period,
lower-frequency waves.

Ocean floors generally have properties varying with depth below the seabed, and
often a multilayer approximation for the semi-infinite seafloor (each with different elastic
constants and densities (Dziewonski & Anderson 1981)) is used. A multilayer model with
one layer modelling the ocean and six layers representing the seafloor was investigated
in ~100m water depths (Kibblewhite & Wu 1993). Although a multilayered seafloor
representation would be preferred in a study that includes seismic surface waves and
body waves (e.g. P and S waves) generated by sea—surface-wave interactions, here the
focus is on seafloor surface waves that decay rapidly with depth. Thus, here the seafloor is
represented as a single layer with properties averaged over the top ~ 1000 m. The origin
is located at the seafloor with the x axis along the propagation direction approaching
from x — —oo, with the y axis pointing vertically up (Korde 2024). The shore is at
a distance L along the propagation direction. Part of the wave field is assumed to be
reflected back from the shore, with the rest manifesting as a Rayleigh wave propagating
along the land surface. The effect of shore reflection is modelled using an image domain
from Ly to co. Assuming Lg to be long, the entire domain is taken to be —co < x < 00
and 0 < y < H — h, where H denotes the water depth measured from y = 0 at the bottom
of the continental shelf, and y = h(x) represents the seafloor profile superimposed over
the plane y = 0. Part of the goal is to derive the dispersion relation relating k, o and w
for the coupled compression-wave—seafloor-wave system, where k denotes the horizontal
wavenumber, o denotes the vertical wavenumber and w is the angular frequency of the
wave field. Free acoustic-gravity—Scholte wave groups (such as created by impulsive plate
movement or an underwater explosion) satisfy the dispersion relation, and resonance
occurs when wavenumber—frequency combinations for acoustic-gravity—Scholte waves
forced by interacting surface waves or surface-wave—seafloor interactions satisfy the
dispersion relation. The dispersion relation defines multiple compression-wave—seafloor-
wave modes, with each mode defining a unique dispersion surface.

The underwater wave field must satisfy the interface conditions at the water—air interface
vy = H — h and at the water—seafloor interface y = h, h # 0, in addition to the radiation
condition that the waves are incoming at x — —oo and outgoing at x — oo. The water
layer can support only dilatational waves (here referred to as compression waves or
acoustic-gravity waves) for which ¢ (x, t) denotes the scalar displacement potential, which
defines the displacement vector as

u=Vo, oru:%, v:a—¢.
ax dy
The seafloor can support dilatational and distortional (i.e. shear mode) waves, requiring a
scalar potential ¢’(x, ) and a vector potential ¥ . For propagation in the x direction, only
the vertical shear mode exists, so that ¥ = [0, lI/y]T. The seafloor displacements u’ and v’
(" denoting seafloor) can be expressed as

5.1

W=Vep +VxWw, (5.2)
Thus,
a0’ V. a9’ V.
W =00y 200 (5.3)
ax dy dy ax
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The boundary condition at y = h(x), or f(x, y) =y — h(x) =0 is that the fluid and solid
particles on either side of the seafloor remain in contact with the seafloor and hence their
components normal to the seafloor are equal. Thus (Whitham 1973),

d 0
dr 0t ax ay

d a a a

_f=_f+u’_f+v’_f=

dr at ax dy
Since the seafloor shape is independent of time at the time scales of this problem, (5.4)

leads to

0,

0. (5.4)

dh dh
v—u—=0, andv —u'— =0. (5.5
dx dx
Subtracting the second equation from the first,
, ,.dh
(v—v)—(u—u)—=0. (5.6)
dx

The boundary condition at the free-surface y = H — A is kinetic and requires that the
normal stress 7y, opposing fluid oscillation at the free surface equal the pressure p on the

free surface. That is
Py 5.7)
T = —_— —_— = , .
Y dx  dy p
where A is a Lamé constant associated with dilatation of the fluid particles and p denotes
the pressure field at the free surface due to wave—wave and wave—seafloor interactions. For
free waves, p = 0. At the fluid—solid interface at y = h, the normal stress on the water side
must equal the normal stress on the seafloor side. The stress components normal to and
tangential to the inclined seafloor at (x, &) are given by the terms with overbars,
o= Tex + Tyy T T
yy 2 2
Tyy — T
Tyy = % + Tyy c0s 26’ (5.8)
Here, 6’ denotes the local angle of inclination of the seafloor such that tan 6’ is the local
slope of the seafloor. Assuming 6’ to be small, to first order,

tan@ ~sin®’ ~6’, and cosf =~ 1. (5.9)

T .
Y cos 20’ — Tyy 8in 26,

The horizontal stress component on a flat seafloor on the water side is 7, = 0, because the
horizontal oscillation is not opposed in the absence of viscous friction, which is neglected
here. The shear stress is zero because the fluid cannot support shear oscillations. The stress
components on the inclined seafloor y = h(x) are (Auld (1990), chapters 1 and 2)

Tyy = Tyy, and
dh

- Tyy ~ Y rp A
Txy =7 sin 26 NTZQ/NTyya. (510)
On the solid side, the shear stress is non-zero, and
_ dh
Ty =1y — 2T/xyav
= , , dh
Txy:txy—i_ryya' (5.11)
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The kinetic conditions at y = h are
Tyy =Tyy, and
Ty =T xy. (5.12)

It is easier to work in the original coordinate system as long as the relationships in (5.11)
and (5.12) are correctly applied. The stress components on the solid side of the seafloor
are related to the particle displacements in the solid as

'y, = (a_u/ + 8_1)’) + 2M,8_v/ and
Y F) dy ay’
, ,(ou v
Txyy=HM (5 + a) (513)

It follows that, at y = h,
1 8u+8v _ ou’ +8v 49 ,0v 5 ou’ +8v/ q
— 4+ — —+ — —— — ], an
dx  dy ax dy w ay w 8y ax

1 8u+8v dn 8u+8U Ll 8u+8v 4o L0V dh (5.14)
ox  dy dx_M dy  Ox 0x  dy 'u8y dx’ ’

Although the seafloor bathymetry 4(x) may be known, it could be represented as an
approximately known depth variation function with a random term added. Further, because
dh/0dx is dimensionless, (5.6) has the dimension of the deflections u, v, #’ and v’. Hence,
even though a perturbation series is needed for investigating nonlinear interactions, the
expansions may be applied to the original equations without affecting the dimensions
of the terms appearing in the expansions for each order. Here, € = h,k, /27 is used as
a perturbation parameter, with s, denoting the nominal depth of the seafloor, and k, a
nominal wavenumber in the acoustic-gravity wave field. For the ith dispersion mode, ¢,
¢’ and iHy are expanded as

‘o="¢1+'d2+ '3 +...,
i¢/=i¢/ +i¢/2+i¢/3+
lH i v+ Hyz—i- Hy3+ (5.15)

with ¢ o1 = J ¢1, each subsequent order in the expansion can be expressed as i¢2 =€l b1,
i3 =€% ¢y, and so forth (Hasselmann 1966). The acoustic-gravity—Scholte wave field
resulting from a stationary random surface-wave field also is a stationary random process,
and thus the potentials are expanded using Fourier—Stieltjes integrals as

1
‘o= // k.t wj(idAn cos’ojy +'dAjn Sini“j)’) eXP(iij - iwjt)’ Lj=1L23, ...,
//kj, wj(’dA' exp( ]y)exp(kx— wj ) i,j=123,.

Hyj = //"J’ w;(dB'yexp('f;y) exp(kix —'ayt), i, j=1,2,3, . (5.16)
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Here,
i _ i,027.2 02
o = (wj/c1 kj>,

i/ i2 _i,,2/7.2
aj = (kj a)j/cp>,

i = /(i ka _ ,-wjz /63>- (5.17)

A real-valued iozj represents an oscillatory wave solution in the water (for mode i

and expansion order j), whereas real-valued ‘o/; and ‘B’ ; represent an exponentially
decreasing solution for the vertical oscillations within the solid (Korde 2024). The seafloor
y = h(x) can be expanded as

h(x)=H +Hy+ H3z+.... (5.18)
with
[-g:/d]—lj exp(—iksix), j=1,2,3,.... (5.19)
ks

If the seafloor shape y =h(x) is such that h(x) can be treated as small, then the
trigonometric and exponential functions containing 4 (via y) in the expansions of equation
(5.16) can be approximated to third order as

i i i . i (iO‘jh)2
dAyjcos'ajh +'dAyjsin‘ajh ~'dAy; |1+ T +...

+1dAy; (("ajh) +

and

idA/jeXp(ia/jh)%idA/j(l—l—iot/jh—l- TR

LS

CASLL

(5.21)

+

‘dB’j exp (‘B/;h) ~'dB'; (1 +8h+ 5 3

The Fourier—Stieltjes expansions in (5.16) with the approximations in (5.20) and (5.21)
are substituted into the four boundary conditions for the ocean—seafloor system. Carrying
out the analysis up to third order, the following equations result:

order one,

—/l(ik% —I—’d%) (idAn cos‘ar H +'dAy sinioclH) =0,
iOllidAz — iallidA/l + iiklidB/l =0,
—ACK + %) dA; + (A/("k% —ilyhy - 2;;,”'05/21) A" +2ip kB[ dB =0,

—2ip kit FdA 4 1 (KR 417 B = 0;
(5.22)

1032 A65-16


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2026.11421

Downloaded from https://www.cambridge.org/core. MBLWHOI Library, on 07 Apr 2026 at 14:19:35, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2026.11421

Journal of Fluid Mechanics
order two,

— /l(ikg + ioz%) (idAlz cos‘arH +'dAx sin’dgH) =—icot'a;H a)'dA| dH,,
‘abdAyy —a'y'dAy +i'ky)'dBy = —i'a?'dA' dH) +a/T A dH) — ks dB'|dH,
— k' A  dHy — A( K2 + %)) dAy + (/l/(’kZ R e ) ‘A’
+2iW k' By dB s =+ (K2 — o) ' dAs dHy + ik Cky + kg1) o dA' 1 dH,
—I—ul”o/]’dAldHl +2ipiCky +ke1)' BT dB \dH

Wiy ko' dAy + 1 (K3 — B3 dB'y = —2ip/ o (ky + ke1) dA' dH)
— ZLM”ﬂZ’dB/ldHl —2ip k' B (ki + ks1)'dB'{dH;; (5.23)

order three,
-1 <ik% + ia2> (idA13 cos iong + idAzg sinia3H> =—i COtiazHiOlzidAldel,
lo3'dAss +i'ks'dB's —i'a/3'dA’s = o d Ay dHy + a2l dApdH) + o/ T dA'TdHy

+ o ldA 2dH + k! ,31 'dB'|dH, +' k1ky1 'dAydH; + ik, otlkql 'dA 1 dH,
—ik},'B1"dB"\"dH\'"dH\ +' B’ \ks2'dB'\dHy +' B2k dB/2d H],

—A (K a) ads + (X (K —o3) — 2w aT) ATy + 20 ke B B s

= —i/llkzl ldAzlde — l/llkz OlzldAzdel + l/l/lkl(lkl + ksz)l ldA ndHg,
il k(hy + ko) o/5d Ay dHy — 2ip o 1dA’1dH2 — ZM”a/zsz/del
4 2ip" B (ki + ky2) dBdHy + 2ip K B2 d BYd H,
= 2ip a3k A s + ) (K3 + ) dB's = 21" o5 (ko + K1) dA2dHy
20 o (kg + ko) dA 1 dHy — i) ﬁ/3idB VdH — i/ B1dB | dH,
- iu/ikz(ikz +ks1)' B'2dB'2dHy — i ki (k1 + ks2)' B'1d B’ 1 dH
Vo kg dA' | dH? — i'k3kyi'dAHdHy — i k3 kgy'dA'>dHy
—2ip o\ kikg"dA’ | dH\dHy — 2/ k' B’ kg1 dB’ | dH d H|
—2ip/ koksi' By dB 2 dHy — 2ip (ky +ks1) ki’ B/, dB'dH,
—2iu ki B ks2'dB'1d H>. (5.24)

Equations (5.22) describe the conditions to be satisfied by the acoustic-gravity—Scholte
wave field following an instantaneous excitation, such as that due to a heavy gust of wind.
The interaction of this wave field with the seafloor non-uniformity then forces the second-
order acoustic-gravity—Scholte wave field as described by (5.23). The interactions of the
first- and second-order wave fields with the seafloor non-uniformity then produce a third-
order wave field, and so forth. The entire wave field in the ocean—seafloor coupled system
is described by the summation of the solutions to (5.22)—(5.24) and other higher-order
solutions. The free wave field includes the order-one natural modes and the response to
interactions between free acoustic-gravity waves and seafloor non-uniformity.

The left-hand sides of the three equations (5.22)—(5.24) are linear, and the excitation
terms on the right-hand sides of (5.23) and (5.24) contain quantities known from solutions
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at the previous order. Equations (5.22)—(5.24) can be expressed in matrix form as

DidA; =0,
D>dA, =dF;,
D3;dA; =dF;. (5.25)

In (5.25), dF> and dF3; denote the terms on the right-hand sides of (5.23) and (5.24),
respectively. These excitation terms represent how lower-order solutions force higher-order
effects. In the absence of excitation at the free surface, the first of (5.25) has a non-trivial
solution when the determinant of D vanishes, or

| D1]| =0. (5.26)

The free-wave acoustic-gravity—Scholte wave field is any wave field that satisfies (5.26),
which in full form can be written as

—A(kf+iai) = (kK +a7) 0 0
cos'‘oaH sinv‘qu _ _
0 Yoq —'ay i'ky -0
_ (k2 2 0 V2 —ia?) —2uia? 2in ki B e
(k? + o) = wta' inw'ki'g’y
(5.27)

The condition in (5.27) leads to the dispersion relations for the ith mode, and can be
expressed in the form

‘a1 (FA'D =B C)

tan‘a; H = : — 5.28
T (@D —ilkiC) 528
where
iA:/Y(ik%—iO(/%)—Zlu/ia/%, iBZZipL/ikli,B/l,
ic=2ilkidy, 'D="K2+1p>. (5.29)

Equations (5.28) and (5.29) define the dispersion relations for the fundamental and
higher modes represented by (cos @ H, sin H), (cos 2a H, sin 2a H) and so forth. These
dispersion relations assume an undisturbed sea surface. Together with (5.17), they relate
the horizontal and vertical wavenumber components to the angular frequency of the free
wave acoustic-gravity—Scholte wave field supported by the coupled ocean-water column
and seafloor system. The dispersion relations are discussed further in § 7.

The first term on the right-hand side of the first of (5.23) contains a product 1dA1dH,
which represents a second-order interaction between an acoustic-gravity wave and the
seafloor. The case studied here is where an acoustic-gravity wave of mode one (i.e.
i = 1) interacts with the seafloor to excite a mode 2 resonance in the second-order
acoustic-gravity wave field according to

Uy + kg =2k,
w+0=w. (5.30)
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Modes 1 and 2 here refer to the first two modes of the dispersion relation. For waves
propagating in a single direction normal to the seafloor contours,

ey — kg =%k,
w+0=w. (5.31)

Such a resonance is found to occur at f = 0.03 Hz for the present set of seafloor properties
and water depth. Here dH; for a sloping seafloor equals the Fourier transform derived in
§2:

The wavenumber—frequency spectrum for the excitation due to this interaction can be
derived as

San Cha, @) =[i'dAn ki, 0)dHy (ko) | [=i'dAT (kr, w)dHf (k)]
= Sa('k1, 0)Sp(ky), Sylky) =Ty lks)F(ks). (5.33)

The calculation result for the f = 0.11 Hz case is discussed in § 8.

6. Forced wave generation

An energetic forced wave field is generated whenever one or more of the nonlinear wave
interaction mechanisms above excites the water column—seafloor system into resonance.
The analysis below largely is based on the method of Hasselmann (1963) as applied with
some extensions (Korde 2024). A forced acoustic-gravity wave field would add a free-
surface disturbance according to the term ga /™ (Bondi 1947; Abdolali & Kirby 2017), but
is neglected because it has only a small effect within the frequency range of interest here
(see Appendix A.1).

In the present situation, resonance may be excited by (i) nonlinear interaction between
surface waves and the seafloor; (ii) difference-frequency waves arising from quadratic
interaction between two closely spaced frequencies interacting with the seafloor; (iii)
nonlinear interaction between surface waves, their reflections from the shore and the
seafloor; (iv) acoustic-gravity waves interacting with the sloping seafloor. The forcing
spectrum Sg(k, w) can be derived independently in each case, and they may act
concurrently. In the case of direct linear forcing, if the pressure amplitudes are large
enough to begin with, it is not as critical for the forcing wave field to excite an acoustic-
gravity wave resonance as in the case of second-order wave—wave and wave—seafloor
interactions for which energy transfer from the second-order effects to the acoustic-
gravity wave field reaches a local maximum in the wavenumber—frequency domain at each
resonance.

Here, the excitation is applied to the lowest order of the perturbation expansion. The
forced-wave wavenumber spectrum S4 (k, t) is given by (Korde 2024)

Satk, )| D ©| ©.1)
A ’ DS - 20)% E Cl)] 9 DS .
Here DS represents a dispersion surface, Sg denotes the forcing spectrum causing

resonance and ' D for mode i order-one for depth H for excitation on the surface { =0 is

2 [sin‘a1H + fi(1 —cos'a1 H)]

‘D)= . 5
plarH(+ f7)

(6.2)
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Here, f1 = — cot a1 H for mode i. For a surface-wave frequency spectrum S, (o) with the
wave-elevation amplitude dZ (o) and a reflection coefficient from shore Csg (assumed
to be frequency-independent as a simplification), the excitation spectrum Sg(w;) can be
written as

Sg(w1) =CsgpSe(0), wy=0+0,k=k+k, k=«x—k=0. (6.3)

The acoustic-gravity wave field in this case is purely vertical and there is no propagation
in the horizontal direction. In shallow water, resonance is possible only for modes i > 3,
which undergo more scattering (Hasselmann 1963), and thus are not studied further here.

For acoustic-gravity wave interacting with the sloping seafloor with Ssp (k, w), the

Fourier coefficient is
dSap (k, 1) =+/Sap (k, 1)dk. (6.4)
Thus
SECk,t) =San(k, 1)Sy(ky), *k="k+k;. (6.5)

The excitation of acoustic-gravity and Scholte waves by the interaction of surface waves
with the sloping seafloor needs a different approach. It follows from (2.30)—(2.32) that this
interaction excites the acoustic-gravity—Scholte wave field from the seafloor. Further, the
excitation is applied to the lowest-order system in (5.22). Hence, the forced system can be
described as

—ﬂ(ik% —{—ioc%) (idAn cos! o H + idAzl sinioelH> =0,
faidAy —'a/y'dA’ +i'k'dB' =0,
—ACK +a?) A + (/l’(ik% —ig) — 2;/"0/21) A"y +2in" k' B/, 'dB' ) = dP,
(6.6)

For forced-wave solutions that lie on the dispersion surfaces for mode one, (5.22) can be
used to express dAy;, dA” and dB’ in terms of dA1; (Korde 2024), Defining

A=W} —a)) —2u'a}, B=2ip'kif).
C=2ip'kipl. D=u'(}+p"). (6.7)
and
fo=—Ak? +a?), fi=—-cotaH,

o] C
S — =—— 1, 6.8
f2 o/—ikC/Df] f==—ph (6.8)
the third of (6.6) can be written as
1
A Bf3)dA;1 =dP.=>dAy = ——— ) dP. 6.9
(fo+ Af2+ Bfz)dAn =dAn <f0+Af2+Bf3) (6.9)

Both dP and dA are the Fourier coefficients at each (k, w), and fy, f1 and f> also are
functions of k& and w. Denoting the wavenumber as a vector to allow for directionality,
Sk (k, t) can be expressed as

Spa (k,1t)
(fo+ Afo + Bf3)?’

Sek,t) = (6.10)
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so that,
nthc
Salk,t) = 0 Se(k, 1), w=o. (6.11)
w
Here
1
Dy= . (6.12)
© (fot+Afa+ Bf3)

When the forcing mechanism acts on the surface ¢ =0, and hence, Sg(k, t) = Sps(k, )
(see (4.8)) so that

1 12

D
S4Ck, 1) =250 (k. 1), (6.13)
2w?

The evolution equation for S4 (k, t) (using i = 1 for example) can be written as (assuming
stationarity of the surface-wave field) (Whitham 1973)

dSa(k, 1) 7D; Sa
= S k) — —. 6.14
ar 2 E(w1, k) n (6.14)

Here Dj = D; or Dy depending on the source of excitation. Interactions with bottom
sediment, for example the formation of seafloor ripples, can cause dissipation (Arduin
et al. 2002). Using a damping rate of ¢; to include energy dissipation in the seafloor and
(to a smaller extent) within the water layer,

dSak. 1) _ nD?

dr Zw%

S
Sg(wr, k) — TA —¢Sa. (6.15)

If the interaction time is denoted as #, (Korde 2024), the wavenumber spectrum at the
present time ¢ > ¢, can be found as

; 7D} [
Sa(k, t):/ 57 Sk, ‘L’)d‘L’—/ (;+ct) Sa(k, T)dr. (6.16)
0 0

If r < t,, then the upper limit on the first integral in (6.16) would change to . For a wave
group propagating through the interaction region, ¢ > f, means the group has moved out
of the interaction region and is not being amplified further. With y = w/c; = vk? + o2,
the wavenumber spectrum Sp (k) for the pressure variation in the water column is (Korde
2024)
dPldPI* 2\?2

Splk. 1) = ———- = (/ly ) Sak, 1). 6.17)
The wavenumber spectrum (convertible to a frequency spectrum) for the power density is
then

Swik, t) = Sek, D). (6.18)
pc

The power density for the group (k, w) at the seafloor can be found using

Ik, t)=+/Swk, t)dk, (6.19)
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Figure 2. Power spectral density versus frequency for bottom pressure observed in 25- (dash—dotted curve),
13- (solid curve) and 8- (dashed curve) m water depth offshore of the Outer Banks of North Carolina during a
‘nor’easter’ storm on 26 October1990. Significant wave height (four times the standard deviation of sea-surface
fluctuations) was 5 m in 25 m water depth (from Elgar ez al. (1995)).

where I7 is in units such as watts per square metre. The pressure amplitudes at the seafloor
are given by the Fourier coefficients d P as

|dP|=+/Sp(k, t)dk, dk = dkdk;. (6.20)

The wavenumber spectrum for the Scholte waves forming part of this group and the
Scholte wave Fourier coefficients are given by

Srk, 1) = |2k, a, o 2Fy ko, o, )| SA19AT
Rk, D) =yRFa(k, a.a', ) + y2Fse,a o, B Tkl
F k7 9 /7 / F k’ b /’ /
_ | Prleed p) | Bkad )]
C C
P s

|dR| =/ Sr(k, t)dk, (6.21)

where d R represents the Fourier coefficient for the Scholte-wave displacement amplitudes.
Here, for mode one and order one,

Pk, a,d', B = fofy, Fk,a.d,p)=ff35, (6.22)
where f, and f3 are as defined in (6.8).

7. Results

The frequency variations of observed spectral densities (figure 2) suggest that one source
of pressure amplification at low frequencies (f = 0.01, 0.02 and 0.03 Hz) in 13 and 8 m
depth may be quadratic interactions between surface waves near 25 m depth. Of particular
interest here is whether difference-frequency waves arising in ~25 m depth could interact
with the seafloor to produce acoustic-gravity—Scholte waves in the shoreward direction.
In addition to the nonlinear interaction between shoreward waves and the seafloor, other
types of nonlinear interaction studied here include shoreward surface waves interacting
with reflected-surface-waves to generate a surface wave that interacts nonlinearly with
the seafloor, and acoustic-gravity waves interacting with the seafloor. In all cases, the
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Property Value (units)
Density o’ 1.8 x103kgm™ 3
Lamé constant A/ 1.365 x 100N m~ 2
Lamé constant 1/ 1.67 x 10N m~ 2
Poisson ratio v 0.225

Bulk modulus K 248 x 100Nm~— 2
Dilatational wave ¢, 5.11 x 103 ms™!
Shear wave cg 3.05 x 103 ms~!

Table 1. Seafloor density and elastic constants used in the calculations (estimates based on Turgut &
Yamamoto (1990)).

main interest is in estimating the bottom pressures and power densities associated with the
resulting acoustic-gravity—Scholte wave fields, and in some cases also the Scholte-wave
amplitudes.

There is spatial and temporal variability in the seafloor stratigraphy on the North
Carolina inner shelf (Meisburger, Judge & Williams 1989), and the surface waves decay
exponentially with depth, and thus a single layer of the seafloor with depth-averaged
properties is considered. The seafloor is assumed to be comprised of a saturated porous
mix of coarse to densely packed sand and silt interspersed with water particles. The
properties of this layer were derived using densities and bulk moduli obtained from
the literature (Turgut & Yamamoto (1990), table I), allowing that the storm conditions
would drive greater amounts of water into the porous seafloor. The mechanical properties
and the dilatational and distortional phase velocities computed from them are estimated
using the law of mixtures (table 1). As an example of the approximate calculations,
A'=0.51, +0.54, given Ky = A, + (2/3) s, and vy = 0.54, /(A5 + pus), where the bulk
modulus K and Poisson ratio vy for sand particles are, respectively, 3.6 x 101N m~2, and
vs = 0.3. The acoustic phase velocity in seawater c; = 1.5 x 103 ms~!, and the seawater
bulk modulus (equal to the Lamé constant 1) is 2.6 x 10° Nm~2. The dissipation-
attenuation coefficients for frequencies ~ 0.01 Hz were ¢;; = 1.0 x 10~* m2 Hz~'m~! for
the seafloor, and ¢;»p = 1.0 x 107°m2Hz 'm~! for seawater. The dissipation constants
for propagation of the acoustic-gravity waves over the seafloor (Kibblewhite 1989) were
obtained from previous field observations, while for propagation through water (figure 5
in Gottwald (1970)) these are derived empirically from published data. In both cases, the
dissipation coefficients were assumed to be averaged over frequency. Water depths at the
sensor locations (figure 1) were measured. The effect of uncertainties in the seafloor elastic
parameters, dissipation coefficients, and the water depth are examined in Appendix A.

In the dispersion relations derived here, the phase velocity of the Scholte waves
is computed as cg =w/k. The phase velocity of the Rayleigh wave on dry ground
onshore of the beach is estimated according to cgg = ¢5(0.87 + 1.12v4) /(1 4 vg), with
the shear-wave velocity on dry ground c;, = 2.8 x 103 ms~!, and the Poisson ratio of dry
ground v, = 0.25 (Graff (1991), chapter 6). Although the storm system exciting surface-
wave—seafloor, and surface-wave—surface-wave—seafloor interactions likely lasted longer
(Herbers & Guza 1994), the calculations here are stopped at t = 60 hr.

Bottom pressures observed during the storm were estimated from 2.83 hr-long time
series obtained midday of 26 Oct 1990 with Setra pressure gages buried 0.1 m below
the seafloor to minimize flow noise and sampled at 4 (13 m depth) and 2 (8 m depth) Hz
(Herbers & Guza 1994). After subdividing the 2.83 hr records into 1024 s subsections
that were tapered with a Hanning window and overlapped 75 %, the spectral estimates
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Figure 3. The finite-depth dispersion relationship (frequency fy versus wavenumber «) for surface waves in
13 m water depth.

were averaged over 16 frequency bands to produce a frequency resolution of 0.0156 Hz
with approximately 320 degrees of freedom. Spectra were averaged over 15 guages in
13 m water depth (250 x 250 m array) and 10 guages in 8 m water depth (200 x 150 m
array). The spatial separation of some of the sensors in each array was small relative to a
wavelength of the low frequency waves, and thus those estimates are not independent,
resulting in approximately 1000 degrees of freedom for the longest wavelengths. In
addition, sea-surface elevation spectra were estimated with observations from a buoy
(Datawell Waverider) deployed in 25 m water depth offshore of the pressure sensor arrays
(figure 1). Three 1 hr records of surface elevation spectra were averaged, and converted to
bottom pressure using linear finite depth theory.

For unidirectional waves, frequency spectra can be converted to wavenumber spectra
using (Komen & Hasselmann 1996)

Sg(o)do =k Sg(k)dk, (7.1)
thus,
Sp(c) = SE@) 4o (12)
Kk dk

From linear shallow water wave theory,

do _lo (1+—, 2cH ) (7.3)
de 2« sinh 2« H
Hence,
S (i) = [11 (1 4 2"—H>} SE(©). (7.4)
2 k2 sinh 2k H

8. Discussion of results

For surface waves in constant finite-water depth the dispersion relation is o2 =
gk tanhk H. For H =13 m the k¥ — o relationship increases nonlinearly with « up to
k ~0.3m~!, after which it becomes approximately linear (figure 3), indicating that the

longer waves are more strongly affected by the shallow depth than shorter waves.
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Figure 4. Wavenumber spectral density Syr(ks) versus wavenumber k; for a seafloor profile 2 (x) = bx.
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Shallow water
Surface wave—seafloor

Figure 5. A schematic showing the type of wave—seafloor interaction that potentially could excite a resonant
acoustic-gravity—Scholte wave.

The wavenumber spectrum S; ¢ (k) for the sloping seafloor evaluated according to (2.25)
and (2.26) takes on large values as k; — 0, and decreases rapidly beyond k; ~0.05m™!
(figure 4).

Seafloor interactions with the longer surface waves are more likely to excite resonances
of the acoustic-gravity—Scholte wave system (figure 5) given that these waves propagate at
acoustic speeds. In this case,

K+ ks=k,
oo —w o, =0. w=o0. 8.1)

When the surface waves (k, o) propagate shoreward in a direction normal to the depth
contours,

k=«kx —ks; w=o. (8.2)

The normalized velocities cgr/c1, where cp is the phase velocity of the Scholte
waves (Hasselmann 1963) dispersion relations for the first three modes of the acoustic-
gravity—Scholte wave field decrease rapidly with frequency (normalized by (wH)/(2mc1))
until normalized frequency is 0.005, and then decrease slowly (figure 6). The
resonant frequency—wavenumber combinations here are determined approximately using
a numerical scheme. The normalized frequency values for 13 m depth (figure 6) are two
orders of magnitude smaller than for 2800 m depth dispersion curves (Korde 2024). The
rapid decrease of cg/c; with frequency at low frequencies presents a challenge for the
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f1 (Hz) k (m™h) ks (m™h) /3 (Hz) k (m™h
0.01 6.00 x 1073 5.94 x 1073 0.01 3.5%x 1077
0.02 1.12 x 1072 1.11 x 1072 0.02 7.0x 1074
0.03 1.64 x 1072 1.62 x 1072 0.03 1.1x1074
Table 2. Wavenumber and frequency combinations tested for wave—seafloor interaction, with k the vector sum
of k and k.
2.0
181
1.6/ 3
{
_ 14| i = Mode 1
< ) ~ = Mode 2
& II N e Mode 3
1.2} \ === Rayleigh
1.0} \\
“""‘"-u..__,__
0.8 B S (S DS (R S 1
06 0.005 0.010 0.015

wH/2mcy

Figure 6. Normalized dispersion relations (normalized phase speed cg/c1) versus normalized frequency
(wH)/(2mcy)) for the first three modes of the acoustic-gravity—Scholte wave field and for a Rayleigh wave.

numerical search method used for finding the zeros of the determinant D; (5.26) in
the (k, w) plane. The mode one curve (figure 6, red curve) is expected to approach the
horizontal straight line representing a Rayleigh wave on shore (figure 6, blue dashed line)
as H — 0, where the Scholte wave loses the water layer above the seafloor and begins to
propagate as a Rayleigh wave on land (cf. Eyov et al. (2013) for a similar observation).
The dispersion relations derived here strictly apply only when f > 0.01 Hz where the
contribution of the gravity term is small (see Appendix A.l) and provide the (k, w)
combinations for which free-wave solutions for the acoustic-gravity—Scholte system exist.

Resonance occurs when the (k, w) combinations in (8.1) and (8.2) lie on the dispersion
surface for the ith acoustic-gravity—Scholte wave mode. The acoustic-gravity waves in
water and the Scholte waves on the seafloor form a wave group, transmitting energy at
the group velocity dw/dt (Korde 2024). For the frequencies shown in table 2, the surface-
wave—seafloor interaction leads to resonant excitation of mode i = 1. Two sets of results
are discussed below: (i) the evolution of propagating resonant wave groups as they travel
through the interaction region at a group velocity Cy =2.9 x 10> ms~! over time 7 <1,
(see (6.16); (ii) pressure and power density evolutions for a stationary resonant array inside
the interaction region.

There are surface-wave frequency and wavenumber combinations in 25 m depth that
could produce quadratic interactions leading to difference frequency surface waves
(table 3), which then interact with the seafloor to generate acoustic-gravity—Scholte waves.
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fiHz)  frHz) s« @m)  eml  f-HMH)  kmh k(m™

0.11 0.10 0.0560 0.0467 0.01 0.093 3.5%x 107
0.12 0.10 0.0640 0.0467 0.02 0.01723 7.0 x 1073
0.13 0.10 0.0723 0.0467 0.03 0.0256 1.1 x 1074

Table 3. Quadratic surface-wave interactions in 25 m depth leading to difference-frequency surface waves that
interact with the seafloor .

25 ‘— f=0.01 Hz resonance H 0.020
| s f'=0.02 Hz resonance
=== f=0.03 Hz resonance
20 !
0.015
o
E g
E: 0.010 %
S 3
R
0.005
0
5

X (km)

Figure 7. Pressure amplitude (left-hand y-axis) and power density (right-hand y-axis) versus distance from 0
to 4.2km (from 25 to 8 m water depth) for three resonant acoustic-gravity wave—Scholte wave groups for f =
0.01 (red curve), 0.02 (blue curve) and 0.03 Hz (pink curve).

Resonant acoustic-gravity—Scholte wave groups generated near 25 m depth (i.e. their
(w, k) are on the dispersion surface, in this case for mode i = 1) gain energy as they
propagate to 8 m water depth (figure 7, with X = Cyt). The slight jumps in the curves
at X ~3.4km are due to a change in the slope of the sea floor at 13 m depth, which
changes the amplification rate. The dissipation coefficients used for these calculations
are described in § 7. The gains in the Fourier coefficients for pressure in travelling from
25 to 8 m depth are greatest for the wave group that resonates at f =0.01 Hz, (w, k) =
(6.28x10 2rads™!, 3.5x107> m~") (orange curve in figure 7). Seafloor pressure rises
approximately 15 Pa during the short travel time from 25 to 8 m depth. Smaller increases
are noted for the other wave groups (~7Pa and 3 Pa, figure 7). Power gains exhibit a
similar trend, with the maximum gain of approximately 0.012 W m~2 for the f = 0.01 Hz
wave group, and 3-5mW m~?2 for the other wave groups (corresponding to f =0.02
and 0.03 Hz) (figure 7). The Scholte wave Fourier coefficient for the f =0.01 Hz wave
group increases to ~0.48 wm, and to ~0.34 and 0.24 wm for the other wave groups
(figure 8). These results are obtained for particular combinations of surface wave and
seafloor wavenumbers resulting in (k, @) values that lie on the acoustic-gravity—Scholte
wave dispersion surfaces. Other combinations arising from seafloor non-uniformity that
lead to resonant interactions are not considered here, but should be studied in future work.
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Figure 8. Scholte-wave amplitude versus distance from O to 4.2km (from 25 to 8§ m water depth) for three
resonant acoustic-gravity wave—Scholte wave groups for f = 0.01 (red curve), 0.02 (blue curve) and 0.03 Hz
(pink curve).

From the standpoint of utilizing the acoustic-gravity waves to generate energy on the
seafloor, it is of interest to estimate the second-order bottom pressures and corresponding
power densities available to a stationary array of mutually coupled mechanical oscillators
that are distributed over the seafloor between 13 and 8 m depths and tuned to operate
at resonance. As the propagating wave groups at particular frequencies travel over the
array, resonant oscillations are excited, which can be used for power conversion by
electromechanical means. Resonant oscillations and power conversion continue as long
as wave groups causing resonance continue to travel over the array. The pressure and
power densities incident on and available to a resonant array were estimated over the
3 hr observational period (which is taken to be the period of resonant excitation of the
array), neglecting possible attenuation effects of the energy conversion mechanism, and
assuming that all of the energy in the waves is available for conversion. The greatest
increase in the pressure amplitudes incident on the array (as estimated using (6.16)) is for
f =0.01 Hz (approximately 120 Pa over 3 hr, red curve in figure 9), with smaller increases
noted at f =0.02 and f =0.03Hz (40Pa and 10Pa, blue and pink curves in figure 9,
respectively). Available power density at f =0.01 Hz is approximately 0.10 Wm~2 at
t =3hr (orange curve in figure 9), with smaller amounts noted at f =0.02Hz and
f =0.03Hz (0.03W m~?2 and 0.01 W m~2, blue and pink curves in figure 9, respectively).

The pressure amplitude and power densities available to the resonant array from
interaction of shoreward waves, reflected waves, and the seafloor (table 4) at f =0.22 Hz
are 32Pa and 0.03 W m~2, respectively (figure 10). Pressure and power densities from
similar interactions leading to f = 0.31 Hz are small (figure 10). The qualitative difference
between the results at f = 0.22 and 0.31 Hz may be partially due to the decrease in
the seafloor contribution Fj(ks) (figure 4) between the two frequencies, although these
results may be sensitive to the choice of interacting frequencies, which requires further
investigation. The frequency—wavenumber combinations at the frequencies f = 0.01, 0.02,
0.03 and 0.22 Hz lie on the dispersion surface for the first mode for the region between 13
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N Kj f2 KR ks f3 k
0.12 7.77 x 1072 0.10 6.1 x 1072 1.152 x 1072 0.22 1.41 x 1073
0.16 1.14 x 107! 0.15 1.05 x 107! 5.94 x 1073 0.31 1.99 x 1073

Table 4. Wavenumber and frequency combinations tested for wave—wave—seafloor interaction with k the
vector sum of k;, kg, and kg (frequencies in hertz, wavenumbers in ‘per metre’).

120
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80 [— f=001Hz
- = f=0.02Hz _
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Figure 9. Pressure amplitude (left-hand y-axis) and power density (right-hand y-axis) over a resonant oscillator
array between 13 and 8 m depth versus time for the second-order interaction between waves at f = 0.01 (red
curve), 0.02 (blue curve) and 0.03 Hz (pink curve) and the seafloor.

and 8 m depth, and thus it is expected that a stationary sensor within this region would
record a second-order pressure signal that grows with time at resonant frequencies.

A significant amount of energy from first-order pressures also may be available to
the oscillator array at the seafloor between 13 and 8 m depths. Various device concepts
designed for conversion from first-order effects have been studied (Wang et al. 2024).
Although a tuneable oscillator array may be capable of utilizing energy from first- and
second-order effects, here the interest is in the energy from second-order effects, which,
unlike energy from first-order pressures, also is available in deep water (Korde & McBeth
2022).

The excitation spectrum due to surface-wave—seafloor interactions is applied on the first-
order dynamics in the perturbation expansion of (5.22). This forcing leads to resonant
excitation of acoustic-gravity—Scholte modes, which in turn interact with the sloping
seafloor and excite higher-order acoustic-gravity—Scholte waves, as discussed in § 5. Thus,
the nonlinear interaction between the mode-one first-order acoustic-gravity wave and the
seafloor excites a mode-two second-order acoustic-gravity wave with f = 0.11 Hz, with a
normalized (by the value in 13 m depth) value 1.4 x 10~*. Similar interactions in the lower
frequency range (< f = 0.03 Hz) are not studied here because of numerical inaccuracies
encountered over the low wavenumber range of the dispersion surfaces.
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Figure 10. Pressure amplitude (left-hand y-axis) and power density (right-hand y-axis) over a resonant
oscillator array between 13 and 8 m depth versus time for the interaction between shoreward waves, reflected
waves and the seafloor for f = 0.22 (red curve) and 0.31 Hz (blue curve).

The total power density available for conversion at the seafloor at a particular location
is the sum total of the power densities in the frequency range over which the surface-
wave—seafloor interactions are significant (e.g. in the present case, f € (0.01, 0.03) Hz).
The power density could be greater in stormy weather at nearshore sites where longer
swells from distant storms approach frequently, and at sites where the seafloor slope
is greater. At some locations, additional power from first-order pressures, wave—wave—
seafloor interactions between incident and reflected waves at slightly different frequencies
and the sloping seafloor, as well as acoustic-gravity-wave—seafloor interactions also may
be available. The power amounts integrated over frequencies and area may be appreciable
at some sites and could provide a long-term power source for seafloor and water-column
sensors, particularly when adequate energy storage means are provided.

The higher-order effects (figures 9 and 10) would be added to the seafloor pressures
due to surface-wave elevations directly overhead in 8 m depth. Additionally, it is expected
that similar interactions to those considered here would occur over the ~1 km of distance
between 13 and 8 m water depths. These interactions, in addition to the pressures due to
wave elevations in 8 m depth also contribute to the seafloor pressures (and power densities)
in 8 m depth. The present results quantify the potential nonlinear mechanisms responsible
for a portion of the observed pressure spectra at H =8 m depth (figure 2, from Elgar
et al. (1995)), while estimating the contributions of acoustic-gravity waves generated by
surface-wave nonlinear interactions at H = 13 m depth.

The wave—seafloor interactions leading to acoustic-gravity waves at f = 0.01, 0.02 and
0.03 Hz reach normalized pressure spectral values in the region between 13 and 8 m depth
that are approximately 4.0 %, 0.5 % and 0.1 % of the values in 13 m depth (figure 11).

The wave—wave—seafloor interactions leading to acoustic-gravity waves at f = 0.22 and
f =0.31 Hz reach normalized pressure spectral values in the region between 13 and 8 m
depth, that are approximately 2.0 % and <0.1 % of the values in 13 m depth (figure 12).

Although there was ~ 40 % loss of energy flux between 13 (wave heights were 5 m) and
8 m (wave heights were 4 m) depth, dissipation of depth-limited breaking waves typically
increases as f2> (Mase & Kirby 1992; Kaihatu & Kirby 1995; Elgar er al. 1997), and
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Figure 11. Seafloor pressure Fourier coefficients in 8 m water depth relative to those in 13 m water depth due
to wave—seafloor interactions for f =0.01 (red curve), 0.02 (blue curve) and 0.03 Hz (pink curve).
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Figure 12. Seafloor pressure Fourier coefficients in 8 m water depth relative to those in 13 m water depth due
to wave—wave—seafloor interactions for f; =0.10 and f, =0.12 Hz leading to f3 =0.22 Hz (red curve) and
f1=0.15and f> =0.16 Hz leading to f3 = 0.31 Hz (blue curve) versus time.

likely does not contribute significantly to energy loss at low frequencies. Energy also
can be lost by direct breaking of the low-frequency waves (de Bakker A. er al. 2014)
and by nonlinear transfers from low- to higher-frequency motions (Henderson et al. 2006;
Thomson et al. 2006; Bertin et al. 2018, and many others), whereas energy can be gained
owing to nonlinear transfers among triads of waves with two swell frequencies and their
low-frequency difference (Freilich & Guza 1984; Elgar & Guza 1985). In the surf zone
these mechanisms oppose each other, resulting in only small changes to low-frequency
spectral densities (Henderson et al. 2006). The observed bottom pressure spectral densities
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for f < 0.03Hz in 8m depth are 200 % larger than those in 13 m depth (figure 2).
Approximately 70 % of that increase could be owing to nonlinear transfers from swell as
mentioned above, and from shoaling of both free and forced surface gravity waves (Elgar
et al. 1992), with some of the rest caused by the nonlinear interactions between waves and
the seafloor discussed here.

9. Discussion

The results discussed here are subject to the uncertainties arising from imprecise estimates
of the Lamé constants at the test site and the dissipation coefficients (Appendix A).
Further, it is expected that the predicted pressures and power densities will be lower when
the incoming surface-wave field is directionally spread. This effect needs to be investigated
further in follow-on work.

In view of the sensitivity of the acoustic-gravity wave field to seafloor properties,
more accurate estimates for the seafloor Lamé constants and density should be derived
based on samples of the seafloor characteristics at the site of interest. Similarly, more
detailed representations for dissipation in the seafloor layers and in the water column at
low frequencies would allow for more accurate estimation of seafloor pressures and power
densities, as well as seafloor wave amplitudes. Use of a multilayered model for the seafloor
should be considered for improved representation of the seafloor Lamé constants and den-
sities. A multilayered seafloor representation also would allow for greater resolution in the
dispersion relation for the underwater wave field. The approach taken here was to derive
the dispersion relations using the interface conditions for the ocean-seafloor system, for an
undisturbed sea surface and seafloor, with the second-order pressures imposed as forcing
applied either to the sea surface (as with wave—wave interactions on the sea surface) or on
the seafloor (as with surface-wave—seafloor interactions). The effect of the forcing due to
the gravity term (Bondi 1947; Abdolali & Kirby 2017; Abdolali et al. 2019) in the compres-
sion wave—seafloor wave system should be investigated further, particularly in potential
extensions of this work into the infragravity frequency range. More accurate models for
the surface-wave reflection coefficient for shoreward waves will enable greater accuracy,
although these may require better knowledge of the bathymetry near the site of interest.

10. Conclusions

Acoustic-gravity—Scholte waves generated by three types of nonlinear interactions
involving a variable-depth elastic seafloor under a shallow compressible ocean layer were
investigated. The theory applies to interactions between shoreward surface waves and
the seafloor, shoreward wave fields, reflected wave fields and the seafloor, and acoustic-
gravity waves and the seafloor. Surface waves were assumed to be a stationary random
process. Wavenumber spectra for the forcing due to the different wave interactions were
derived. Dispersion relations were derived for the acoustic-gravity—Scholte wave field, and
to account for variable water depth a perturbation technique was used to obtain acoustic-
gravity—Scholte wave fields up to third order. For interactions producing wavenumber—
frequency combinations lying on a dispersion surface, resonant excitation of acoustic-
gravity—Scholte wave groups was studied using energy balance relations that led to
the forced-wave wavenumber—frequency spectra for acoustic-gravity—Scholte wave fields.
Dissipation coefficients for the seafloor top layers were based on empirical observations
reported in the literature. Seafloor pressure amplitudes, seafloor power densities and
Scholte wave amplitudes were found. Nonlinear interactions between acoustic-gravity
waves (generated by surface-wave—seafloor interactions) and the seafloor did not lead to
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appreciable pressure amplitudes. In contrast, nonlinear interactions between shoreward
propagating surface waves, seaward propagating reflected surface waves and the seafloor
generated appreciable seafloor pressures, power spectral densities and Scholte wave
amplitudes, although the sensitivity of these results to interacting frequency—wavenumber
combinations needs to be examined in future work.

Propagating wave groups excited by interactions in 25 m water depth that undergo
resonant amplification within the region leading up to 8 m water depth were investigated,
and the second-order pressures, power densities and Scholte wave amplitudes were found
to be appreciable at frequencies f = 0.01, 0.02, 0.03, possibly contributing to the 200 %
increase in bottom pressure observed between 25 and 8m water depths offshore of
the Outer Banks of North Carolina. In addition, the nonlinear interactions may have
contributed to the increase in power between 25 and 8 m depth observed at f = 0.22 Hz.

Seafloor power densities and seafloor pressure amplitudes available to potential resonant
arrays of energy converters on the seafloor (due to the nonlinear interactions studied here)
were significant over the 0.01 < f < 0.03 Hz range. Wave—wave—seafloor interactions also
led to appreciable values at f = 0.22 Hz. It is expected that when integrated over a seafloor
area and a wider frequency range, the power values may be large enough to be of interest
to applications requiring persistent power generation on the coastal seafloor. The seafloor
pressure and power density results were sensitive to the seafloor mechanical properties
and seafloor slope. Hence, some locations may be more attractive for seafloor power
generation applications. Further, the results reported here only reflect the contribution of
wave elevations in 25 m depth to the seafloor pressures in 8 m depth, and the measured
pressures in 8 m depth are a cumulative result of the seafloor pressures generated by waves
directly overhead and due to nonlinear interactions over the region between the two depths.
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Appendix A. Effect of the gravity term and sensitivity to parameters
A.l. Effect of the gravity term

A gravity contribution arises on the water surface when compressibility of the ocean
layer is taken into account (Bondi 1947; Abdolali & Kirby 2017; Abdolali er al. 2019).
A similar effect also is produced on an elastic seafloor (Abdolali ef al. 2019). Moreover, not
including this term leads to inaccuracies in the phase velocity of the surface disturbance
(Abdolali et al. 2019), which propagates into predictions of tsunami arrival times. Here, the
focus is on predicting the pressures generated at the seafloor due to surface-wave—seafloor
and surface-wave—surface-wave—seafloor interactions. In addition, for the frequencies
and wavenumbers of interest, the non-dimensional gravity contribution is more than an
order-of-magnitude smaller than the non-dimensional quantities k, ¥, and y,, ¥s.
Specifically, using the non-dimensional quantity A; = gh/ (2ci2) where i =1, p, s,
respectively (Abdolali et al. 2019), together with the normalizing parameters H for
length and /H /g for time and using + to represent non-dimensional quantities, the non-
dimensional ¥ = V H2(k2 + o?) = /(H/g)w/(c1//gH) equals H(w/c1), leading to the
ratio A1/y = g/(2ciw). Similarly, the ratio of A; to a non-dimensional k = Hk equals
g/ (ZC%k). For the approximate horizontal wavenumber range k € (3.2 x 1072, 3.12 x

1073) of interest here (approximate frequency range from 0.01 to 0.50 Hz). The ratios
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Figure 13. The ratios of the non-dimensional gravity parameter (Abdolali et al. 2019) to the non-dimensional
horizontal wavenumber k (red curve) and to the non-dimensional inclined wavenumber 3 (blue curve) versus
wavenumber.

A_l/z and A;/y decrease rapidly with wavenumber (figure 13). For the 8 to 13 m water
depths under consideration, and since ¢, > ¢y > ¢y here, A, < Ay < A;. The effect of
the gravity term increases for k < 3.2 x 107 (or f < 0.01 Hz) (figure 13), qualitatively
consistent with previous results (Abdolali et al. 2019).

A.2. Sensitivity to parameters

The mechanical properties (particularly, elastic moduli) of the seafloor play an important
role due to their influence on the dispersion relations for the acoustic-gravity—Scholte
wave system (see (5.22) and (5.27)). An uncertainty in the dispersion relations results in
an uncertainty in the (w, k) combinations at which resonances are predicted, impacting
the wavenumbers at which the predicted pressure and power densities for a given
frequency (or conversely, the frequency for a given wavenumber) will occur. Uncertainties
in the seafloor elastic moduli also propagate into the acoustic-wave pressure spectra
(6.10) and (6.12).

Additionally, the frictional losses incurred by the compression waves in the water as
they travel over the bottom and through the seawater medium directly affect the seafloor
power densities available for potential conversion. The seafloor mechanical properties
and frictional loss coefficients over the seafloor and in seawater usually are not known
precisely, and thus it is important to quantify the sensitivity of the pressure and power
density estimates to uncertainties in these parameters. Tidal modulations of water depth
also impact the dispersion relations, particularly in shallow water. The effects of these
uncertainties on the dispersion relation and the acoustic-gravity wave pressure spectra are
examined below.

A.2.1. Sensitivity to uncertainties in the Lamé constants
Using (5.26) for the first-order term in the perturbation expansion for mode one and
dropping the subscripts and superscripts on w, k and « for simplicity, for unidirectional
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propagation,
Di(w, k, A, X, 1) =—acosaH (A, W)D(n') — B()C (1))
+ po* (—a'D(W) +ikC (1)) =0, (A1)
where
AW, 1) =K — o) —2mu'a’®; B(u) =2ip/kp,
C(uy =2ikp'es D(u)=p (& + 7). (A2)
On a dispersion surface,
Dy = aaz Lsw + 882 LaA + 22}5;/ =0, (A3)
where the individual partial derivatives are
0D / N /
E(Sw 2pwsina H ( a D) —ikC(u )) dw
9D — 8 =—acosaH <8A D(u ))
Y o
D —acosaH (8—D(M )+ A, 1 )—D - QC(M ) — (,u')E) s,
au’ 0 ou' o o
(A4)

with the functions A, B, C and D as defined in (A2). The dispersion relation has to
be satisfied on the surface Di(w, k, A, A, ') =0, dD; =0, so that, after appropriate
substitutions and some algebra, the change §w in the frequency can be related to the
uncertainties A" and S’ as

o (K —a?) (K2 +p7) 207K+ p7) +47pe
~ 2pwtanha H —a' (k2 + p') — 2k2a’ —a' (k2 + p'*) — 2k’
(AS5)
For small depths and small values of ¢,
1
lim ——=—. A6
aF}IEO tanhaoH H (46)

Dividing both sides of equation (AS5) by w for small depths, an approximate relationship
can be formed,

Sw 1 (k2 _ ()[/2) (k2 + IB/Z) / 206/2(162 + IB/Z) + 4](2,3/0{/ A
o 2p0H (k2 + %) — 2k’ —a/ (k2 + %) —2k2

Using the relation pw? = Ay? equation (A7) can be expressed as
Sw 1 (k2 /2) (k2 +,8/2) A 20{’2(]{2 +ﬂ/2) +4k2,3/(¥, 8/~'L/_ (A8)
o 2°H | —o(K+p) -2 1 —a(kK+p%) - 2% A

In (A8), with y, k and « all being < O(10™ 3y and 2~ 0(10%) for seawater the terms
multiplying 81’/ and 8u’/A are both O(10°). Therefore, as long as 84’/A and §u’/A
are O(1073), the terms in the bracket are O(10%). In this case, when the depth H is
o(10Y, dw/w would be 0(10~ 1) and the uncertainty on the frequency predicted (for
a given wavenumber) by the dispersion relations would be of the order of 10 %.
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For seafloor phase velocities cf, =@ +2u)/p") and 2 =u'/p’, with X' and '
determined from the ¢, and cy, the dw/w ~ 0(10~1) target above implies that dcp/cp
and 8¢ /cs ~ O(1073). Alternatively, it may be more preferable to use the A’ and '
values based on laboratory analysis of samples of the seafloor surface layers and laboratory
measurement of the acoustic velocities of the different constituents.

The uncertainty in the forced-wave pressure spectra (6.11) (6.15) can be estimated when
the surface-wave—seafloor interaction reaches steady state after a time period much longer
than the surface-wave periods, with dS4/df = 0, and when ¢ is long enough for dissipation
effects to dominate over spreading effects,

D2

T
Satk. 1) = —Sp(w, k). (A9)
2wicy
The uncertainty in S4 due to uncertainties in A’ and p’ can be expressed as
LAY 9S54
884 = S+ —=8u'. Al10
A= + o u (A10)
Here A’ and u” appear explicitly in the coefficient D, and hence
0S4 7wDyfadDy
= Se(w, k),
o = W, ou SE@ R
aS D¢ oD
A TS S (w. k). (Al1)
au e, o
At a long-enough ¢, dividing (A10) by S4,
88 2 (0D a8
224 _ 2 (T sy 4 2245, ). (A12)
Sa Dy \ oA au’
Now, letting Dy = fo+ Af> + Bfs = I/Df,
oDy 1 9A
or — paa’®
oDy 1 [0A 0B
==+ — . Al3
o D2 <8M’ f2 o f3> (A13)
Substitutions for A, B, C and D from (6.7) and (6.8), it is found that
58
S—A =2D; [—(k2 — &) 80 + @ fr — ikp fg)(m’] . (A14)
A

For realistic values of , k, o’ and 8’ (i.e. < O(1073) and H ~ O(10"), then Dy < o(10h
when 84" and S’ < 0(10°%), §S4/S4 < O(10™1), or less than 10%, which provides
another reason to restrict the uncertainty in the seafloor elastic constants to be §1"/1 and
Su'/A to 0(10%), as inferred in the discussion above of the sensitivity of the dispersion
relations.

A.2.2. Sensitivity to frictional dissipation parameters

The predicted seafloor pressure also could be sensitive to uncertainties in the friction
parameter ¢; in (6.15) that accounts for the combined dissipation in the seafloor top layers
and the water medium affecting the propagation of the compression wave. Following the
argument for steady-state interactions (Appendix A.2.1), when dissipation effects begin to
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dominate spreading,
2

7TD1
Satk, 1) > —LSg(w. k), (A15)
2wicy
and
as D? 1
8Sak, t) = —A(Sct = H—ZISE(a), k) (—2) dcy. (A16)
8Ct 2(,()1 Ct

Dividing throughout by S4,

58 8
024 _ %G (A17)
SA Cy

Since the pressure spectrum Sp = (1y2)?S4, and A and y are independent of c;,
38 8
oopr _ o4 (A18)
SP Cyt

Therefore, when the interaction time is > ~ 20 min, a 10 % uncertainty in ¢; will translate
into a 10 % uncertainty in the predicted pressure spectra.

A.3. Sensitivity to water depth
The pressure spectrum due to surface-wave—seafloor interaction is given by (2.32) as

tanh k H \ 2
Sp, (k, t):p2g2/ (m) K2 S, (i, 1)S ¢ (k)8 (k — e — k)dk. (A19)

For long surface waves and in shallow water, ¥ H is small, x H — 0, and thus tanhx H —
k H and coshk H — 1, resulting in

Sp,(k, 1) = p*g* / (k H)? k%S, (i, 1) S (ks) 8 (k — e — ky)dk. (A20)
k
In this case,
aSp
8Spy = aHA §H, (A21)

which leads to

8Spy =2p%g* / (kK2 H)i*Sp (i, 1)S ¢ (ky)S (k — i — ky)dk,

k
H 2
—2p%g? / %ﬂse(x, 1S (k) (k — k — ky)dk,
k

5Sp, _26H A2
Sps  H

Thus, within the small ¥ H approximation, a 10 % uncertainty in water depth H would
result in a 20 % uncertainty in the pressure spectrum. Here, the depths of the observations
(figure 2) H were measured, and thus the uncertainty is less than a few per cent.

1032 A65-37


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2026.11421

Downloaded from https://www.cambridge.org/core. MBLWHOI Library, on 07 Apr 2026 at 14:19:35, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2026.11421

U.A. Korde and S. Elgar

REFERENCES

ABDOLALI A., KADRI, U. & KIRBY, J.T. 2019 Effect of water compressibility, sea-floor elasticity, and field
gravitational potential on tsunami phase speed. Sci. Rep. 9 (1), 16874.

ABDOLALI, A. & KIRBY, J.T. 2017 Role of compressibility on tsunami propagation. J. Geophys. Res.: Oceans
122, 9780-9794.

ARDHUIN, F. 2018 Large-scale forces under surface gravity waves at a wavy bottom: a mechanism for
generation of primary microseisms. Geophys. Res. Lett. 45, 8173-8181.

ARDHUIN, F., GUALTIERI, L. & STRUTZMANN, E. 2015 How ocean waves rock the earth: two mechanisms
explain microseisms with periods 2s to 300s. Geophys. Res. Lett. 42, 765-722.

ARDHUIN, F. & HERBERS, T.H.C. 2013 Noise generation in the solid Earth, oceans, and atmosphere, from
nonlinear interacting surface gravity waves in finite depth. J. Fluid Mech. 716, 316-348.

ARDUIN, F., DRAKE, T. & HERBERS, T. 2002 Observations of wave-generated vortex ripples on the North
Carolina continental shelf. J. Geophys. Res. 107, 3143.

AULD, B.A. 1990 Acoustic Fields and Waves in Solids, 2nd edn, vol. I. Krieger Publishing.

DE BAKKER, A., TISSIER, M. & RUESSINK, B. 2014 Shoreline dissipation of infragravity waves. Cont. Shelf
Res. 72, 73-82.

BERTIN, X., et al. 2018 Infragravity waves: from driving mechanisms to impacts. Earth Sci. Rev. 177, 774-799.

BoNDI1, H. 1947 Waves on the surface of a compressible liquid. Math. Proc. Camb. Phil. Soc. 43 (1), 75-95.

BROMIRSKI, P.D., STEPHEN, R.A. & GERSTOFF, P. 2013 Are deep-ocean-generated surface-wave
microseisms observed on land. J. Geophys. Res.: Solid Earth 118, 3610-3629.

DUNNEBIER, F.K., LUKAS, R., NOSAL, E.-M., AUCAN, J. & WELLER, R.A. 2012 Wind, waves, and acoustic
background levels at station ALOHA. J. Geophys. Res. 117 (C03017), 1-21.

DZIEWONSKI, A.M. & ANDERSON, D.L. 1981 Preliminary reference Earth model. Phys. Earth Planet. Inter.
25, 297-356.

ELGAR, S. & GuzaA, R.T. 1985 Observations of bispectra of shoaling surface gravity waves. J. Fluid Mech.
161, 425-448.

ELGAR, S., GuzaA, R.T., RAUBENHEIMER, B., HERBERS, T.H.C. & GALLAGHER, E. 1997 Spectral
evolution of shoaling and breaking waves on a barred beach. J. Geophys. Res. 1002, 15797-15805.

ELGAR, S., HERBERS, T.H.C., CHANDRAN, V. & GUzA, R.T. 1995 Higher-order spectral analysis of
nonlinear ocean surface gravity waves. J. Geophys. Res. 100, 4977-4983.

ELGAR, S., HERBERS, T.H.C. & GuzA, R.T. 1994 Reflection of ocean surface gravity waves from a natural
beach. J. Phys. Oceanogr. 24, 1503-1511.

ELGAR, S., HERBERS, T.H.C., OKIHIRO, M., OLTMAN-SHAY, J. & GuUzA, R.T. 1992 Observations of
infragravity waves. J. Geophys. Res. 97 (15), 573-577.

Eyov, E., KLAR, A., KADRI, U. & STIASSNIE, M. 2013 Progressive waves in a compressible-ocean with an
elastic bottom. Wave Motion 50, 929-939.

FREILICH, M.H. & GUzA, R.T. 1984 Nonlinear effects of shoaling surface gravity waves. Phil. Trans. R. Soc.
Lond. A 311, 1-41.

GOTTWALD, J.T. 1970 Acoustic atteuation in the deep ocean below 2000 Hz. Tech. Rep. T-70-WA-2001-U.
Tracor Inc, Washington, DC.

GRAFF, K.F. 1991 Wave Motion in Elastic Solids. Dover Publications, reissue of Oxford University Press 1975
edition.

HASSELMANN, K. 1962 On the nonlinear energy transfer in a gravity-wave spectrum. J. Fluid Mech. 12,
481-450.

HASSELMANN, K. 1963 A statistical analysis of the generation of microseisms. Rev. Geophys. 1 (2), 177-210.

HASSELMANN, K. 1966 Feynman diagrams and interaction rules of wave-wave scattering processes. Rev.
Geophys. 4 (1), 1-32.

HASSELMANN, K. 1976 Stochastic climate models part I, theory. Tellus 26 (6), 473-485.

HENDERSON, S.M., GUzZA, R.T., ELGAR, S., HERBERS, T.H.C. & BOWEN, A.J. 2006 Nonlinear generation
and loss of infragravity wave energy. J. Geophys. Res. 111, C12007.

HERBERS, T.H.C. & GuzA, R.T. 1991 Wind-wave nonlinearity observed at the seafloor. Part I: forced-wave
energy. J. Phys. Oceanogr. 21, 1740-1761.

HERBERS, T.H.C. & GuzA, R.T. 1994 Nonlinear wave interactions and high-frequency seafloor pressure.
J. Geophys. Res. 99 (C5), 10035-10048.

HUGHES, B. 1976 Estimates of underwater sound (and infrasound) produced by nonlinearly interacting ocean
waves. J. Acoust. Soc. Am. 60 (5), 1032—-1039.

JENSEN, F.B., KUPERMAN, W.A., PORTER, M.B. & SCHMIDT, H. 2011 Computational Ocean Acoustics,
2nd edn. Springer.

1032 A65-38


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2026.11421

Downloaded from https://www.cambridge.org/core. MBLWHOI Library, on 07 Apr 2026 at 14:19:35, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2026.11421

Journal of Fluid Mechanics

KADRI, U. & AKYLAS, T.R. 2016 On resonant triad interaction of acoustic-gravity waves. J. Fluid Mech. 788
(R1), 788R1-788R12.

KATHATU, J. & KIRBY, J. 1992 Spectral evolution of directional finite amplitude dispersive waves in shallow
water. Proc. Intl Conf. Coast. Engng 26, 364-3717.

KATHATU, J. & KIRBY, J. 1995 Nonlinear transformation of waves in finite water depth. Phys. Fluids 7 (8),
1903-1914.

KIBBLEWHITE, A.C. 1989 Attenuation of sound in marine sediments: a review with emphasis on new low-
frequency data. J. Acoust. Soc. Am. 86, 716-738.

KIBBLEWHITE, A.C. & WU, C.Y. 1993 Acoustic source levels associated with the nonlinear interactions of
ocean waves. J. Acoust. Soc. Am. 94, 3358-3378.

KIRBY, J. 1992 Modelling shoaling directional wave spectra in shallow water. Proc. Intl Conf. Coast. Engng
8, 109-122.

KOMEN, G.J. & HASSELMANN, K. 1996 The action balance equation and the statistical description of wave
evolution. In Dynamics and Modelling of Ocean Waves (ed. G.J. KOMEN, L. CAVALERI, M. DONELAN,
K. HASSELMANN, S. HASSELMANN & P.A.E.M. JANSEN), pp. 5—47. Cambridge University Press.

KORDE, U.A. 2024 Propagation of underwater wave groups in a compressible ocean coupled with an elastic
seafloor. J. Fluid Mech. 996 (A18), 1-44.

KORDE, U.A. & MCBETH, M.S. 2022 On using nonlinear wave interactions in multi-directional seas for
energy conversion on the ocean floor. Appl. Ocean Res. 124, 103193.

LONGUET-HIGGINS, M.S. 1950 A theory of the origin of microseisms. Phil. Trans. R. Soc. Lond. A Math.
Phys. Sci. 243 (857), 1-35.

MASE, H. & KIRBY, J. 1992 Hybrid frequency-domain KdV equation for random wave transformation. In
Proceedings of the Twenty-Third International Conference on Coastal Engineering, October, Venice, Italy,
pp. 474-487.

MEISBURGER, E.P., JUDGE, C. & WILLIAMS, E.J. 1989 Physiographic and geological setting of the coastal
engineering research center facility. Tech. Rep. CERC-89-9. US Army Waterways Experiment Station.

MEZA-VALLE, C., KADRI, U. & ORTEGA, J.H. 2023 Acoustic-gravity waves generated by surface
disturbances. Eur. J. Mech. B/Fluids 98, 1-7.

MICHELE, S. & RENZI, E. 2020 Effects of the sound speed vertical profile on the evolution of hydroacoustic
waves. J. Fluid Mech. 883 (A28), 1-12.

OLIVER, J. 1962 A worldwide storm of microseisms with periods of about 27 seconds. Bull. Seismol. Soc. Am.
52 (3), 507-512.

PHILLIPS, O.M. 1960 On the dynamics of unsteady gravity waves of finite amplitude, 1, the elementary
interactions. J. Fluid Mech. 9, 193-217.

RENz1, E. 2017 Hydro-acoustic frequencies of the weakly compressible mild-slope equation. J. Fluid Mech.
812, 5-25.

RENzI, E. & Dias, F. 2014 Hydroacoustic precursors of gravity waves generated by surface pressure
disturbances localized in space and time. J. Fluid Mech. 754, 250-262.

STIASSNIE, M. 2010 Tsunamis and acoustic-gravity waves from underwater earthquakes. J. Engng Maths 67,
23-32.

THOMSON, J., ELGAR, S., RAUBENHEIMER, B., HERBERS, T.H.C. & GUzA, R.T. 2006 Tidal modulation
of infragravity waves via nonlinear energy losses in the surf zone. Geophys. Res. Lett. 33, L05601.

TURGUT, A. & YAMAMOTO, T. 1990 Measurements of acoustic wave velocities and attenuation in marine
sediments. J. Acoust. Soc. Am. 87, 2376-2383.

WANG, C., WEL Y., CHEN, W. & HUANG, L. 2024 Hydroelastic modelling of a deformable wave energy
converter including power take-off. Mar. Struct. 98, 103678.

WEBB, S.C. & Cox, C.S. 1986 Observations and modeling of seafloor microseisms. J. Geophys. Res. 91 (7),
7343-7358.

WEBB, S.C. & CRAWFORD, W.C. 1999 Long-period seafloor seismology and deformation under ocean waves.
Bull. Seismol. Soc. Am. 89 (6), 1532-1542.

WHITHAM, G.B. 1973 Linear and Nonlinear Waves. John Wiley & Sons, NY, a Wiley-Interscience
Publication.

WILLIAMS, B. & KADRI, U. 2023 On the propagation of acoustic-gravity waves due to a slender rupture in
an elastic seabed. J. Fluid Mech. 956 (A6), A6-1-44.

1032 A65-39


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2026.11421

	1. Introduction
	2. Excitation due to surface-wave-seafloor interactions
	3. Direct second-order pressure generation
	4. Wave-wave-seafloor interactions
	5. Acoustic-gravity-Scholte wave field in shallow water over non-uniform depth
	6. Forced wave generation
	7. Results
	8. Discussion of results
	9. Discussion
	10. Conclusions
	Appendix A. 
	A.1. Effect of the gravity term
	A.2. Sensitivity to parameters
	A.2.1. Sensitivity to uncertainties in the Lamé constants
	A.2.2. Sensitivity to frictional dissipation parameters

	A.3. Sensitivity to water depth

	References

