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ABSTRACT 

Whitehead Jr., J.A. and Chan, G.L., 1976. Stability of Rayleigh--B~nard convection rolls 
and bimodal flow at moderate Prandtl number. Dyn. Atmos. Oceans, 1: 33--49. 

Experimental observations of cellular convection between two rigid, horizontal, con- 
ducting boundaries are reported for two different cases. First, the stability of two-dimen- 
sional roll convection of various wavenumbers and Rayleigh numbers is investigated in 
fluids of Prandtl numbers 16 and 2.7. The results qualitatively agree with earlier observa- 
tions by Busse and Whitehead of fluid with Prandtl number 126 but they differ somewhat 
quantitatively. Second, the stability of the bimodal flow, consisting of two rolls of differing 
and perpendicular wavenumber, is observed to be stable for given bandwidths and ranges 
of Rayleigh numbers when the configuration of the bimodal flow, consisting of two sets 
of rolls at right angles, is flawless -- without any disruptions in the periodic matrix. The 
stability range differs from earlier experiments and from our own experiments in which 
the bimodal planform is uncontrolled. 

INTRODUCTION 

F r o m  the  t i m e  t h a t  t he  e x p e r i m e n t s  o f  B~nard (1901)  were  f i rs t  r e p o r t e d ,  
it  has been  k n o w n  t h a t  a h o r i z o n t a l  l aye r  o f  f lu id  h e a t e d  f r o m  b e l o w  e x h i b i t s  
s t r i k ing ly  s imple  g e o m e t r i c a l  c o n v e c t i o n  p a t t e r n s  w h e n  t h e  t e m p e r a t u r e  dif-  
f e r ence  is ra i sed  a b o v e  a ce r t a in  c r i t i ca l  value.  On  the  basis  o f  o b s e r v a t i o n s  of  
t he  change  o f  s lope  o f  t he  hea t  f lux  vs. t e m p e r a t u r e ,  Malkus  (1954 )  p r o p o s e d  
t h a t  t h e  c o n v e c t i o n  l i b e r a t e d  p rogress ive ly  m o r e  and  m o r e  c o n v e c t i o n  m o d e s  
wi th  inc reased  t e m p e r a t u r e  d i f f e r ence  across  t he  layer ,  and  sugges ted  t h a t  
the  c o n v e c t i o n  s y s t e m  is an  idea l  sub jec t  fo r  t u r b u l e n c e  inves t iga t ions  because  
t he  progress ive  t r a n s i t i o n s  can  be  inves t iga ted  in de ta i l .  In  t he  i n t e r i o r  o f  t h e  
ear th ,  in t he  ocean ,  a n d  in t h e  a t m o s p h e r e ,  such c o n v e c t i o n  occurs ,  o f t e n  in 
a r e l a t ive ly  s t r u c t u r e d  m a n n e r ,  y e t  l i t t l e  is k n o w n  of  t h e  de ta i l s  o f  h o w  these  
s t r uc tu r e s  c o m e  a b o u t .  

* Present address, Department of Physical Oceanography, Woods Hole Oceanographic In- 
stitution, Woods Hole, Mass. (U.S.A.). 
** Present address, Harvard School of Public Health, Boston, Mass. (U.S.A.). 
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Recent studies into the geometric form of convection confirm the consis- 
tency of Malkus' original hypothesis. Although the convection above the 
critical Rayleigh number consisted of two-dimensional roll-like cells, Busse 
(1967) showed theoretically that  the roll-form of convection cannot exist 
above a Rayleigh number of approximately 22,000 because rolls at right angles 
grow. The flow was observed to become three-dimensional by Krishnamurti  
(1970a) and this transition was accompanied by a change in the slope of the 
heat-flux curve. The three-dimensional pattern was observed to consist of 
two sets of rolls lying at right angles and of different wavelength by Busse and 
Whitehead (1971), and this pattern has henceforth been called bimodal flow. 
Further studies by Krishnamurti (1970b) and by Willis and Deardorff  (1970) 
reported a gradual transition to t ime-dependent flow in large Prandtl number 
fluid in the Rayleigh number range between 60,000 to somewhat over 100,000. 
Krishnamurti further observed accompanying changes in the heat-flux curve. 
Recent studies by Busse and Whitehead (1974) show a much clearer transition 
to a t ime-dependent flow when the geometry of bimodal flow is carefully 
controlled. 

The purpose of the present paper is to report the results of further studies 
of the stability of convection rolls and bimodal flows for various Prandtl 
numbers, wavenumbers, and Rayleigh numbers. To this end we first describe 
observations of the stability of roll convection for silicon oil with a Prandtl 
number of 16 and hot  water with a Prandtl number of 2.7 and such transitions 
have been observed by us to behave qualitatively like the transitions predicted 
by Busse for fluid with infinite Prandtl number, and observed by Busse and 
Whitehead (1971) in fluid with a Prandtl number of 126. Secondly, we inves- 
tigate the stability of the bimodal flow for fluid with a Prandtl number of 126 
and we find that  the bimodal flow is stable in a given volume in Rayleigh 
number, and two wavenumber space. 

To accomplish these observations the experimental technique of Chen and 
Whitehead (1968) was used to generate roll and bimodal convection consisting 
of parallel planar rolls of a specified wavelength as an initial condition. It was 
found that  the instability of  convection in a perfect bimodal planform, that  
is, one consisting of two sets of  planar rolls at exactly right angles wi thout  
any flaws in the bimodal matrix, has stability properties unlike those reported 
by Krishnamurti (1970b) or Willis and Deardorff (1970). It was found,  how- 
ever, that  when the bimodal pattern was not  "perfect ly flawless," as is always 
the case when initial conditions of the convection are not controlled, a new 
convection pattern grew at the flaw regions, which appears to possess the os- 
cillatory properties reported in the above papers. We believe that  this is evi- 
dence that  such an instability does not  grow from background noise in the bi- 
modal flow, and hence that  a transition to oscillations will not be predicted 
by a linearized stability analysis in the ranges observed here. 

THE EXPERIMENTAL APPARATUS 

Two convection chambers of different sizes but similar designs were used 
in the present experiments. The larger chamber was used for Rayleigh numbers 
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above 10,000 in the Pr = 16 and the Pr = 126 case whereas the rest of the 
experiments were done with the smaller apparatus. 

A schematic diagram of the larger apparatus is shown in Fig. 1. It consists 
of two water channels, one placed horizontally above the other at a precise 
spacing, thus leaving a middle channel in between the two, which is filled 
with the working fluid. The bo t tom channel has a dimension of 100 × 91 c m  2 

and is bounded by a one-half-inch-thick piece of plate glass below, and a one- 
quarter-inch piece of  plate glass above. The top channel has a dimension of 
80 × 80 c m  2 and is bounded by one-quarter-inch-thick pieces of plate glass. 
It is held in place by four brass brackets at its four corners. Although glass 
has about 5.6 better heat conductivity than the silicon oil, and 1.5 better 
conductivity than water, there is no other material which has higher thermal 
conductivity and meets the requirements of  transparency and economy. 

In the water channels the circulating water is thermally regulated. The 
water in the two channels is drawn from two separate units of constant-tem- 
perature water baths which are capable of  delivering up to five gallons of  
water per minute at any desired temperature between room temperature and 
100 ° C. The thermostats  in these baths maintain the water at a constant  tem- 
perature to within a few hundredths of  a degree Kelvin. Since the water in 
the two channels serves as the thermal boundary for the convection layer, it 
is essential that  its flow be spatially homogeneous. A distributor is used both 
at the inlet and the outlet  such that  the flow may be as close as possible to 
being parallel. For the same reason, a rather high flow rate is employed,  thus 
eliminating the possibility of a significant temperature gradient between the 
inlet and the outlet.  The one-quarter-inch glass plates bounding the channels 
are not  sufficient in strength to remain flat while supporting the weights of 
the fluids and their own weight. A counter pressure system is necessary to 
maintain the hydrostat ic head in the lower, middle, and upper channels con- 
stant to 1 mm. To achieve this, water is pumped from each bath to a constant 
head reservoir f rom which it is introduced to the inlets of  the channels. Spill- 
ways of adjustable height are placed at the outlets. Each fluid is maintained 
3/8" deeper than the fluid above it to compensate for the weight of  the 1/4" 
glass plates. 

The whole apparatus is very carefully leveled to avoid any mean flow. The 
precise depth of the convecting layer is obtained by placing spacers of  exact 
thickness at the four corners of the upper channel and adjusting the dial at- 
tached to each of  the brackets supporting the upper channel. A layer depth of 
4.0 mm and 5.5 mm was used respectively in the Pr = 16 and 2.7 experiments. 
A layer depth of 10, 15, and 20 mm was used respectively in the Pr = 126 
experiments. The desired Rayleigh-number range prescribes the depth of  the 
layer. Plexiglass bars milled to exact thickness are placed underneath the 
four sides of  the upper channel to serve as lateral boundaries to the convection 
layer. 

The optics of the apparatus are shown in Fig. 2. A slightly diverging beam 
of light emanates from a light source approximately 15 feet away. It is re- 
flected upward by the lower mirror, traversing the fluid layers in its path. It 
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is then reflected by the upper  mirror onto  a screen on which the convect ion 
patterns may be viewed. An ascending region in the convect ion layer has a 
smaller density and acts as a concave lens to  the beam of  light, thus producing 
a dark image on the screen. Conversely, the descending regions appear as 
bright lines on the screen. 

The heat source for creating the initial per turbat ion are two 500-W light 
bulbs fixed at a distance of  1.5 m above the convect ion layer. The grids used 
in creating the periodici ty in the initial per turbat ion are of  the same size as 
the upper channel. They  are made of  a luminum frames with silver tapes 
mounted  across them at exact  spacings. The width of  one tape plus the spacing 
to its adjacent tape const i tute  one wavelength. 

The use of  a smaller apparatus for  some of  the experiments  is necessitated 
on two accounts.  Firstly, in order  to achieve Rayleigh numbers below 10,000 
it is necessary to  have a depth  of  2.8 mm because of  the inherent  material 
propert ies of  the Pr = 16 fluid. The thickness of  the brackets support ing the 
upper channel renders this impossible. The same applies also to ho t  water in 
the whole range of  Rayleigh numbers covered. Secondly,  in the case of  hot  
water, it is difficult  to maintain a large amount  of  circulating water in the 
vicinity of  70 ° C. 

The smaller convect ion chamber  is basically the same as the larger one al- 
ready described. It is contained in a plexiglass box 30 × 30 cm 2. Instead of  a 
bo t t om channel, it has an aluminum block with water circulating inside. A 
mirror is placed on top  of  tha t  and the top  glass channel rests on top  of  the 
mirror through four  plexiglass strips milled to  exact  thickness which serve 
also as lateral boundaries. The circulating water baths are the same as described 
in the former  case. The optical arrangement,  however, differs slightly. An in- 
clined mirror is placed on top  of  the convect ion layer which directs the beam 
of  light downward and is reflected by the b o t t o m  mirror. In so doing, the light 
traverses twice through the convect ion layer, thus enhancing the contrasts. 
It is then projected by the top  mirror to a screen where observations may be 
made. 

The working fluids in the present experiments  are two Dow Corning 200 
silicone oils and hot  water at 70 ° C. Their propert ies are shown in Table I. 

Experimental procedure 

The convect ion region is first held below the critical Rayleigh number  for  
an interval of  t ime equal to  at least a few thermal  t ime constants, d2/K, of  the 
oil, where d is depth  of  the  fluid and K is thermal  diffusivity. During this 
period, the grid consisting of  regularly spaced tapes stretching across a frame 
is placed over the upper  glass jacket,  and the light is shone downward through 
the grid into the fluid. A small amount  of this radiant energy is absorbed by 
the silicon oil in the il luminated regions, resulting in rows of  slightly heated 
(0.05° K by direct measurement)  oil spaced the desired distance apart.  Next,  
the tempera ture  of  the top  thermosta t ic  bath is decreased, and that  of  the 
bo t t om bath is increased so that  the Rayleigh number  of oil is raised above 
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Material properties of working fluids 
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Kinematic Coefficient Thermometric Prandtl 
viscosity of expansion conductivity number 
at 25°C (°C--1) (cm2/sec) (Pr) 
(centistokes) 

Silicone oil 10 1.08 • 10 - 3  7.9 " 10 - 4  126 

Silicone oil 1 1.34 " 10 - 3  6.25 • 10 - 4  16.0 

Water at 70°C 0.44 6.09 • 10 - 4  1.62 • 10 - 3  2.74 

the  cri t ical  value of  1707  at  the  ra te  o f  1 ° C/min .  Af t e r  one  or  t w o  t i m e  con-  
s tants ,  the  l a m p  is t u r n e d  of f ,  the  grid is r e m o v e d ,  and  a set  o f  c o n v e c t i o n  
rolls  can  be obse rved  which  have  the  wave leng th  and  o r i e n t a t i o n  o f  t he  grid. 
Because  the  s h a d o w g r a p h  visual iza t ion  s cheme  was used,  a d e p t h  e f  t he  oil 
was se lected so as to  r each  the  des i red  Rayle igh  n u m b e r  ~ i t b  a t e m p e r a t u r e  
d i f f e rence  b e t w e e n  t o p  and  b o t t o m  o f  1 - -10  ° C. 

Busse and  Whi tehead  obse rved  t h a t  a b a n d w i d t h  of  such  rolls is s tab le  to  
inf in i tes imal  p e r t u r b a t i o n s  up  to  a Ray le igh  n u m b e r  o f  22 ,000 ,  a b o v e  which  
a second  set  o f  cross rolls c o m m e n c e s  to  s t ab ly  coex i s t  wi th  t he  or iginal  rolls. 
Since it was t he  in ten t  o f  pa r t  o f  t he  p re sen t  research  to  invest igate  t he  p rop-  
ert ies  o f  this  " b i m o d a l  f l o w , "  the  cross rol ls  were  induced  using a p r o c e d u r e  
similar  t o  t h a t  used to  induce  the  original  rolls. Brief ly ,  a grid wi th  the  desi red 
cross-roll  wave leng th  was p laced  a t  r ight  angles to  the  original  rolls while the  
s y s t e m  was kep t  a t  a Ray le igh  n u m b e r  o f  15 ,000 ,  t he  l a m p  was t u r n e d  on  fo r  
an in terval  o f  one  to  t w o  t h e r m a l  t i m e  cons tan t s ,  the  Rayle igh  n u m b e r  was 
t h e n  increased to  s o m e  value a b o v e  22 ,000  (usual ly  30 ,000) ,  and  f inal ly  t he  
grid was r e m o v e d ,  the  l amp  t u r n e d  of f ,  and  the  s u b s e q u e n t  behav io r  o f  bi- 
m o d a l  f l ow  wi th  con t ro l l ed  rol ls  and  cross rolls was  obse rved .  

Obse rva t ions  were  r eco rded  b y  tak ing  p h o t o g r a p h s  a t  a p p r o p r i a t e  intervals,  
and  in t he  cases of  t r ans i t ion  to  osc i l l a to ry  f low,  t ime- lapse  movies  were  
t a k e n  at  a speed of  8 f r a m e s / m i n .  A t i m e  equ iva len t  to  a t  least  t w o  t h e r m a l  
t i m e  cons t an t s  was a l lo t t ed  fo r  any  instabi l i t ies  to  begin to  deve lop .  I f  no th ing  
was d e t e c t e d  b y  the  o p e r a t o r  at  th is  t ime ,  a value o f  " s t a b l e "  was assigned. 
Natura l ly ,  it is imposs ib le  to  d e t e r m i n e  s tabi l i ty  c o m p l e t e l y  b y  wa i t ing  an 
inf ini te  t ime .  T h e r e f o r e  it is poss ib le  t ha t  s o m e  o f  the  da t a  po in t s  wh ich  were  
r e p o r t e d  s table  wou ld  indeed  be  uns tab le  if we were  to  wai t  longer.  This  
migh t  especia l ly  be  the  case fo r  t hose  da ta  ad jacen t  to  t he  uns tab le  region.  
However ,  our  t e n d e n c y  was to  wai t  longer  t h a n  two  t i m e  cons t an t s  fo r  t hose  
da ta ,  so as to  c lear ly d e t e r m i n e  the  t rans i t ion ,  and  t h e r e f o r e  we bel ieve t ha t  
the  da t a  m a r k e d  s table  fo r  t w o  t i m e  cons t an t s  are indeed  s table  forever .  

The  ac tua l  Rayle igh  n u m b e r  in any  e x p e r i m e n t  was no t  m e a s u r e d  di rec t ly .  
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Based on the calculations on convective heat transport made by Busse (1967), 
for rolls, and based on measurements of  heat transport by Rossby (1969), 
and Somerscales and Gazda (1969) of Nu = 0.19 R °'282, and taking into con- 
sideration the finite conductivity of  the glass boundaries, graphs relating the 
temperature difference in the two water channels (i.e., thermostat  settings), 
with the Rayleigh number in the convection layer were obtained. The formula 
used was: 

AT1 = AT](1 + Nu ~1}kld2~ 

where AT 1 is temperature difference across the test fluid, AT is temperature 
difference between the baths, Nu is Nusselt number of fluid (a funct ion of T1), 
and k and d are thermal conductivity and thickness of the fluid (subscript 1) 
and glass (subscript 2) respectively. Such relationships are slightly non-linear, 
depending on the properties of the working fluid. The Rayleigh numbers de- 
duced this way are accurate to approximately 10%. However, no great accuracy 
in their determination is required since these experiments are more qualitative 
than quantitative with respect to the Rayleigh number measurement.  

STABILITY REGION OF ROLLS AT Pr = 16 AND 2.7 

Stability region 

The data from the experiments with the silicone oil are recorded graphically 
in Fig. 3. The balloon-shaped region correspond to the theoretically predicted 
stability region for a fluid, with Pr = 16, kindly supplied to us by R. Clever, 
using the technique of Busse (1967). In these experiments, the balloon shape 
of the stable region is generally conserved, except that  it is shifted consider- 
ably to smaller wavenumbers. The same applies to the data from the experi- 
ments with hot water except that  the shift is even more pronounced. This 
phenomenon may be accounted for by the finite conductivity of the glass 
boundaries which have the effect of lowering the critical wavenumber. A per- 
turbation analysis shows that  this effect is proportional to the product  of the 
ratio of glass thickness to the convection-layer thickness and the inverse ratio 
of plate conductivity to fluid co nductivity,  that  is, d pk F/d F k p where the sub- 
script P stands for plate and F stands for fluid. For Rayleigh numbers below 
10,000 this quant i ty  has the value of 0.052 for the silicone oil and 0.348 for 
the hot  water. It is thus within expectation that  a larger shift occurs in the 
hot water than in the silicone oil. In other words, the boundary conditions in 
the water experiments were more like constant heat flux than constant tem- 
perature. An analysis of  these two kinds of boundary conditions, done by 
Sparrow et al. (1963) shows this effect. 

In general, the present experiments confirm the statement that  the Prandtl 
number has only a quantitative influence on finite-amplitude convection. 
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F i g .  3 .  Data for P r  = 1 6  e x p e r i m e n t s ,  o = stable rolls (no growth for two thermal constants); 
x = zig-zag instability; + = cross-roll instability; 4 = cross-roll instability leading to bimodal 
convection; $ = cross-roll instability inducing transient rolls with subsequent local processes; 
* = cross-roll instability leading to spokelike pattern (see pp. 4 5 ) ,  A = see text. The curve 
was calculated by R. Clever using the technique of  Busse, (1967),  and kindly supplied to 
U S .  

F i g .  4 .  Data for hot-water experiments, o = stable rolls (no growth detected after two 
thermal time constants); + = cross-roll instability; ~ = cross-roll instability leading to bi- 
modal convection, A = see text pp. 4 2 .  

Instabilities 

In the present experiments thre e kinds of instabilities were found.  They are 
the zig-zag instability, the cross-roll instability, which leads to rolls, and another 
instability which leads to stationary three~limensional convect ion.  Experi- 
mental evidences seem to support the occurrence of  these three kinds of  in- 
stabilities at all Prandtl numbers. 

It is clear from Fig. 3 that each of these three instabilities is responsible for 
a certain portion of  the boundary of  the stable region. In Busse and White- 
head (1971)  an explanation was given for iristabilities in convect ion rolls. 
They are basically to accomplish a transition from an unstable wavenumber 
to one that is stable, since the variational formulation of  the linear problem 
indicates that there is a unique value a¢ of  the wave number at which the con- 
vection is optimally adjusted to the geometry of  the layer. 

The present discussion on  the instabilities will be made with reference to the 
data for the Pr = 16 case. The data for hot  water involves further complications 
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and will be examined later. The zig-zag instability is responsible for  the lower 
left por t ion of  the stable-region boundary;  that  is, it occurs at low Rayleigh 
numbers and small wavenumbers.  In this range of wavenumbers the wave- 
lengths of  the rolls are too  large compared to the optimal value. The rolls 
become wavy, with adjacent rolls perfect ly in phase. This causes the  wave- 
length of  the rolls to be compressed. When the zigs and the zags are at right 
angles, they  are disjoint at either the crests or the troughs, resulting in sets 
of rolls at about  45 ° to the original ones. It is impossible to obtain one com- 
plete set of new rolls at 45 ° to the original ones, since the probabil i ty  of rolls 
of opposite  or ientat ion to occur is equal. The consequence is local regions of 
rolls oriented one way or the other  at 45 ° . This instability was also clearly 
observed in hot  water.  

At large wavenumbers the cross-roll instability represents the emergence of 
a new set of  rolls, perpendicular to the original ones. The wavelength of the 
cross rolls is independent  of  the wavelength of  the original rolls. As the cross 
rolls grow, the original ones decay and finally disappear, thus accomplishing 
the transition to a smaller wavenumber.  At Rayleigh numbers below 7000 the 
cross rolls become stable and persist. At Rayleigh numbers above this the 
transitions to cross rolls are followed by subsequent local processes which 
demolish the two-dimensionali ty of  the convect ion pattern.  This results in 
irregular pa tchy structures. Both of these two phenomena  were also observed 
in hot  water. 

There is an intermediate  range of  wavenumbers at which the cross-roll in- 
stability at high Rayleigh numbers leads to stationary three~limensional con- 
vection, otherwise called bimodal convection.  In this case, although the cross 
rolls emerge in the same fashion as those previously described they bear a 
different  meaning. Physically, as the cross rolls grow, the original rolls do not  
disappear. The two come into coexistence.  As Busse (1967) has shown theoret-  
ically, above R 2 = 22600,  two-dimensional  rolls of  all wavenumbers are unstable; 
it can be inferred that  this cross-roll instability is a different  physical mecha- 
nism than that  which leads to rolls. 

According to the regime diagram of  Krishnamurti  (1970b),  bimodal  con- 
vection is not  expected to occur in hot  water due to its low Prandtl number.  
However, a transit ion f rom steady to t ime-dependent  flow is expected at a 
Rayleigh number  near 9000. It should be the same kind of  lateral oscillation 
of  wavy rolls repor ted  by Willis and Deardorff .  The present experiments  did 
not  demonst ra te  it. What was observed in the hot-water  experiments,  represent- 
ed by A data points in Fig. 4, is a zig-zag of  rolls with a 180 ° phase difference 
in adjacent rolls. This mechanism always occurred in local patches, and not  
th roughout  the entire fluid, and also no critical Rayleigh number  could be 
found below which it is not  active, given enough time. Even in the silicone- 
oil experiments,  the same was found,  though much less active, in compet i t ion  
with other  instabilities. Its apparent  Prandtl-number dependence suggests that  
it is of  a hydrodynamic  cause rather than a convective cause, that  is, it is 
linked to the nonlinear opera tor  o f  the Navier--Stokes equation ra ther  than 
the nonlinear opera tor  of  the heat equation.  
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S T A B I L I T Y  O F  A R T I F I C I A L L Y  I N I T I A T E D  B I M O D A L  F L O W S  A T  P r  = 1 2 6  

Since an inherent  characteristic of  bimodal flow is two sets of  rolls of  dif- 
ferent  wavelengths at right angles, we will hencefor th  call the larger roll the 
original roll, with wavenumber 0/1, and the smaller roll the cross rol$ with 
wavenumber 0/2, where 0/is defined as 27rd/L where L is the roll wavelength 
and d is the depth  of the fluid layer. 

It was first desired to investigate the bandwidth of  stable cross rolls as a 
funct ion of  Rayleigh number  for  a fixed value of  the wavelength of the ori- 
ginal roll. Fig. 5 shows such a stability curve for the fluid with a Prandtl  num- 
ber of 126 with 0/1 fixed at 2.5. The bandwidth of  stable 0t 2 was observed to 
increase with Rayleigh number.  In the values of  0/2, repor ted  stable in Fig. 5, 
the bimodal  flows were observed to be stable for  at least four  thermal  t ime 
constants after the exper iment  had reached a steady state. In those data close 
to the instability curve, it was evident that  the ampli tude of the cross rolls 
was very small because the shadowgraphs of  the  cross rolls were ext remely  
faint. In the data denoted  as unstable, the cross roll was ~bserved to  com- 
pletely vanish f rom view. A new roll, with its wavenumber within the  dashed 
lines, was then observed to appear. Such a sequence is shown in the three 
photographs comprising Fig. 6 for  0/2 = 3.06, R = 26,000. The final wavenumber 
is 3.9. 

It was not  possible to map out  the entire volume of  stable bimodal  convec- 
t ion on the Rayleigh number,  0/1, 0/2 volume due to practical l imitations on 
experimental  feasibility and time. Some stable regions in the R - ~ I  plane are 
shown in Fig. 7. The data for  this figure were obtained for fluid with a Prandtl 
number  of  126, using a value of  0/2 which the rolls selected as bimodal flow 
developed when Rayleigh number  passed above 22,000 in a non-induced ex- 
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Fig.  5. S t a b i l i t y  o f  t h e  c r o s s  ro l l  o f  w a v e n u m b e r  0/2 fo r  b i m o d a l  f l o w  w i t h  w a v e n u m b e r s  
0/1 = 2.5.  + = s t a b l e  f l o w s ;  • = f l o w s  w h e r e  t h e  c r o s s  ro l l s  d e c a y e d  t o  a n  u n d e t e c t a b l e  a m -  
p l i t u d e  a n d  c r o s s  ro l l s  w i t h  a n e w  v a l u e  o f  0/2 e m e r g e d .  T h e  n e w  v a l u e  was  a l w a y s  in  t h e  
r e g i o n  b e t w e e n  t h e  d a s h e d  l ines .  
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Fig. 6. Photographs of  an unstable  cross roll. O: 1 = 2.54 ,  ~2 = 3 .06,  R = 26 ,000 .  Dimen- 
s ionless  t imes  tK/d 2 are, respectively 0, 1 .9 ,  and 4.9 after the exper iment  reached the  
s teady R. Final  value of  ~2 was  3.9.  
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Fig. 7. S tab i l i ty  m a p  o f  f lawless b i m o d a l  f low. Da ta  be low the  f ine d a s h e d  l ines are f rom 
Busse and  W h i t e h e a d  (1971) .  o = s tab le  rolls  ( no  g r o w t h  d e t e c t e d  a f t e r  two  t h e r m a l  t ime  
c o n s t a n t s ) ;  * = s tab le  b i m o d a l  flow, ~ and  * = uns t ab l e  b i m o d a l  f low. Data  above  the  
heavy  dashed  l ine a lways  osci l la ted,  as d e n o t e d  by  P = osci l la t ing b i m o d a l  f low. 

periment. The data shown in Fig. 7 below the horizontal lightly dashed line 
are from Busse and Whitehead (1971). The data above the lightly dashed line 
were obtained in experiments in which rolls in both directions were induced 
with the above value of a2 to insure uniformity of results. 

The instabilities that  arose when a l  was too big or too small were the same 
as those described in Busse and Whitehead, and will be briefly reviewed here. 
If a l  was too small, the roll with a size a2 was observed to grow at the expense 
of  the original roll, ult imately absorbing all energy, after which a new roll in 
the a l  direction would grow to generate a bimodal flow in the stable region. 
This is denoted by a triple cross in Fig. 7 (more such instabilities are below 
the range of this graph). If a l  was too large, a patchy,  nonuniform, three-di- 
mensional disturbance grew, which completely destroyed the uniform roll 
structure. This is denoted by an asterisk in Figs. 3 and 7. 

When the Rayleigh number was above 300,000 the convection pulsated. 
This transition is dealt with more fully in Busse and Whitehead (1974). 

S T A B I L I T Y  OF S P O N T A N E O U S L Y  A P P E A R I N G  B I M O D A L  FLOW 

The instability of the bimodal flow reported here at large Rayleigh number 
is so unlike the transitions to t ime-dependent convection reported by Krish- 
namurti  at a Rayleigh number of 60,000 and Willis and Deardorff at Rayleigh 
number above 100,000, that  it is important  to clarify the cause of this paradox 
In making the observations reported in the previous section, it was necessary 
to carefully control the wavelength and orientation of the bimodal flows be- 
cause it was observed in preliminary experiments that  this flow was extremely 
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sensitive to disruptions in its planform. The planform in the bimodal f low 
range which appears in the apparatus when the wavelengths are not  artificially 
initiated, consists o f  a bimodal f low with disruptions or "flaws." These were 
always observed in places where neighboring rolls have trouble fitting together. 

Photographs of  such convection which grows from random initial conditions 
are shown in Fig. 8, arranged vertically. Each experiment was run sequentially 

J 

?, 

Fig. 8. T w o  sets o f  pho tographs  arranged vert ical ly  o f  c o n v e c t i o n  w h i c h  has grown from 
random initial cond i t ions .  Top,  roll  c o n v e c t i o n  wi th  s o m e  b imoda l  c o n v e c t i o n ,  R = 
2 0 , 0 0 0 .  Middle ,  b imoda l  c o n v e c t i o n ,  R = 5 3 , 0 0 0 .  B o t t o m ,  b imoda l  c o n v e c t i o n  w i th  some  
spoke- l ike  c o n v e c t i o n ,  R = 8 0 , 0 0 0 .  Each photograph  was  taken  24 hours  after the p h o t o -  
graph above  it. 
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at Rayleigh numbers of 20, 53, and 80 thousand, and each grew initially from 
a state of  no motion,  photographs being taken 24 hours after the temperature 
was set to new desired value. As Rayleigh number was increased, the disrup- 
t ion of the bimodal planform by these flaws increased until at a given value 
a new form of flow emerged at these flaws, as is evident at 80,000..For pur- 
pose~ of  description here, we will call this new flow "spokelike" flow, as it 
appears to consist of a central spout of downwelling or upwelling fluid sur- 
rounded by spokelike sheets of fluid feeding into the spout. The spokelike flow 
invariably exhibited any oscillations that  were present in the Rayleigh number 
range 40,000 to 100,000, and appears to be linked to the emergence of oscil- 
lations reported by Krishnamurti  (1970b). 

This flow was first observed at the pronounced " f law"  regions in the plan- 
form where two adjacent rolls fitted together poorly. At greater Rayleigh 
numbers, it was consistently observed that  more and more spokelike flow 
existed as R increased. The estimated percentage of  fluid in this flow is shown 
as a funct ion of  Rayleigh numbers in Fig. 9 for Pr = 126 and 16. The data 
were obtained by placing a transparent sheet of plastic over photographs of  
convection which had been allowed to occur spontaneously for a period of  
two hours, blacking over the regions with spokelike flow with a grease pencil, 
and then quantitatively determining the percentage of  b lacked~ut  area on 
the transparent sheet. The latter was done by shining parallel light through 
the transparency, by bringing this light to a focus with a convergent lens, and 
then by measuring the quant i ty  of light at the focus with a calibrated photo- 
resistor. 

Fig. 9 shows that  the relative amount  of  spokelike motion varies continu- 
ously from zero to 100%. This behavior is in contrast to the stability of a 
flawless bimodal flow, where the instabilities occur throughout  the entire 
fluid region when the critical parameter is exceeded. 

Structure of this spokelike flow was probed with a moveable thermocouple 
probe and recorded with movie and still cameras. In the still picture shown in 
Fig. 8, the most noticeable aspect of the new structure is the radial '"spokes" 
of either black or white sheets of vertically convecting fluid. Temperature 
probe measurements indicate that  the flow consists of three different  regions: 
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Fig. 9. Pe rcen tage  o f  the  f low field w i th  a spoke l ike  f low p a t t e r n  as a f u n c t i o n  o f  Rayle igh  
n u m b e r ,  R,  for  f luid wi th  a P rand t l  n u m b e r  of  126 (crosses)  and  16 (solid circles).  
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(a) An unstable boundary  layer at the top (or bo t tom)  with vertical sheets of 
fluid continuously emit ted from a thin unstable region, the sheets being aligned 
at right angles to the shear caused by  downwelling in the interior 

(b) A central downwelling (or upwelling) spout  which entrains the  fluid 
from the sheets by  radial advection, the sheets in region (a) are aligned radially 
to this spout.  

(c) A thin, quiet stagnation region at the b o t t o m  (or top)  of  the spout,  
which is characterized by  no buoyan t  emissions. These spokelike regions were 
found to occur in about  the same numbers with either sense, and were general- 
ly (but  not  always) accompanied by  oscillations. 

We note this ties in with a description given by  Willis and Deardorff:  "Un- 
like the case of  air, the structure which first undergoes oscillations at large R 
and o (Prandtl number)  is not  a long roll, but  is an up- or down-draf t  segment 
having one end anchored to a more prominent  up- or down~lraft  and the 
other  end free."  Lastly, movies made by  Willis and Deardorff  have been 
viewed and they  look strongly like the time-lapse shadowgraph movies ob- 
tained in the  present study. 

We close this section by remarking that this spokelike flow and accompany- 
ing oscillations have been observed more fully and under more controlled 
conditions by  Busse and Whitehead (1974). 

CONCLUDING R E M A R K S  

The biggest single difficulty in comparing these experimental results with 
o t h e r s m a y  seem to be the fact that  glass only has conductivi ty a few times 
greater than silicon oil, while other experiments have metal boundaries above 
and below, with conductivi ty many hundreds of  times greater than silicon oil. 
As evidence that  supports the content ion that the glass boundaries are a close 
approximation to perfect  conductors,  we first cite the agreement of  the ex- 
periments here and in Busse and Whitehead (1971) with calculations of  
marginal stability and the finite-amplitude calculations of Busse (1967).  
Secondly, we cite the agreement of  the appearance of  oscillating spokelike 
flow in randomly oriented bimodal  f low reported here with the observations 
of Krishnamurti (1970b).  Indeed, differences in results only occurred when 
we induced a flawless planform. Thirdly, we point  out  that  the glass is thinner 
than the silicon oil, so that  in the large Rayleigh number experiments a mea- 
sure of  the finite conductivi ty of  the boundary  plate is dpkFNU/dFkp where 
k stands for conductivity,  d stands for thickness, Nu stands for Nusselt num- 
ber, and the subscripts p and F stand for plate and fluid, respectively. Using 
approximate values of  dp = 0.6, k F = 0 . 0 0 3 ,  N u  = 4 ,  d F = 2 ,  and kp = 0.002, 
(cgs units), which yield the greatest product  in the silicon oil experiments,  this 
number  is 0.18. 

It is clear that  the picture of  the various instabilities observed in the con- 
vection rolls in silicon oil with a Prandtl number  of 16 closely resembles the 
picture of  the  instabilities of  silicon oil with a Prandtl number of  126. In ad- 
dition, the bimodal  state appears to behave very much like the roll state as 
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Rayleigh number is progressively increased, showing an increasing ampli tude 
and bandwidth in wavenumber space as the marginal state is left behind. This 
behavior is characteristic of  a f low developing from a state which is unstable 
to infinitesimal instabilities. Unlike the rolls, the bimodal  flow then develops 
a weakness to a transition to spokelike flow in the uncontrolled state which 
does not  occur in the controlled state in the same parameter space. It does ap- 
parently occur in another region of  parameter space (Busse and Whitehead, 
1974). Quite possibly this spokelike planform requires a finite-amplitude per- 
turbat ion before  it can develop in this region, it certainly does not  grow from 
background noise, and hence should not  be predicted by  a linearized stability 
analysis. 
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