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Cellular convection in a chamber with a warm surface raft
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We calculate velocity and temperature fields for Rayleigh-Benard convection in a chamber with
a warm raft that floats along the top surface for Rayleigh number up to Ra=20000.
Two-dimensional, infinite Prandtl number, Boussinesq approximation equations are numerically
advanced in time from a motionless state in a chamber of length L’ and depth D’. We consider cases
with an insulated raft and a raft of fixed temperature. Either oscillatory or stationary flow exists. In
the case with an insulated raft over a fluid, there are only three parameters that govern the system:
Rayleigh number (Ra), scaled chamber length (L=L'/D’), and scaled raft width (W). For W=0
and L =1, linear theory shows that the marginal state without a raft is at a Rayleigh number of
23n* = 779.3, but we find that for the smallest W (determined by numerical grid size) the raft
approaches the center monotonically in time for Ra < 790. For 790 < Ra < 811, the raft has a
decaying oscillation consisting of raft movement back and forth accompanied by convection cell
reversal. For 811 < Ra < 871, the oscillation amplitude is constant in time and it increases with
larger Ra. Finally, there is no raft motion for Ra > 871. For larger raft widths, there is a range of W
that produces raft oscillation at each Ra up to 20000. Rafts in longer cavities (L =2 and 4) have
almost no oscillatory behavior. With a raft of temperature set to different values of 7, rather than
insulating, a fixed Rayleigh number Ra = 20000, a square chamber (L = 1), fixed raft width, and
with internal heat generation, there are two ranges of oscillating flow. © 2011 American Institute of

Physics. [doi:10.1063/1.3651341]

. INTRODUCTION

The dynamics of Rayleigh-Benard convection form an
important conceptual framework for the understanding of sta-
bility and transition of fluid flows. It is not surprising that,
being a nonlinear problem, the dynamics takes on new
features with the introduction of additional processes of even
minuscule size. Double diffusion is an excellent example of
such new behavior; a minute gradient of a second substance
with different diffusivity than temperature can lead to com-
pletely new stability behavior for buoyancy driven flow.'
However, the new process need not occur in the interior, as is
the case with double diffusion—rather a change along the
boundaries can also lead to new behavior as long as, appa-
rently, the change introduces a nonlinear process. Examples
of such processes include: experiments and theory for heaters
floating near the top of fluid that develop a spontaneous drift;”
floating rafts of thermally insulating material that move later-
ally by modulating the convection cells beneath them in
experiments with water heated from below;’ cyclical motion
of clusters of balls on the flat bottom of an experimental con-
vection cell heated from below in more viscous liquid;4 and
the interaction between Earth’s surface continents and mantle
convection as illustrated in numerical models developed
by the geophysics community.” Dynamic models of these
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processes’ indicate a strong feedback between a laterally
mobile insulator and the underlying pattern of convection.

These studies indicate that a numerical study of floating
rafts on top of convection cells spanning a wide range of the
driving parameters would complement both the laboratory
and more applied geophysical modeling studies, which gen-
erally have been studied over only a limited range of param-
eters. For example, a systematic documentation of behavior
for cellular convection with a raft from the critical value of
Rayleigh number, Ra, upward has never been performed.
Here, we present such a first-order study in an attempt to
explore this parameter space.

We investigate models of convection with the utmost
simplicity using idealized rafts. Specifically, we investigate
(1) what values of Ra, raft width, and chamber lengths
produce moving rafts, (2) the conditions under which the
presence of a raft affects flow, and (3) what chamber sizes
result in vigorous raft motions and what sizes do not?

To answer such questions, we numerically calculate the
time evolution of temperature, fluid flow, and raft location in
a convection model driven by elevated temperature AT along
the bottom of a chamber of constant depth. The calculations
start from zero velocity and constant cold interior tempera-
ture. The utmost simplicity is desired; hence, we study
two-dimensional flow in Cartesian coordinates. We use the
Boussinesq approximation, which assumes that every fluid
property is constant except for thermal expansion acting in
the buoyancy term of the equations. We consider free slip
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boundaries everywhere and examine the case for an infinite
Prandtl number Pr fluid (so that inertial terms in the momen-
tum equations are dropped). Over 500 calculations are per-
formed spanning Ra up to 20000, a range of raft widths,
three different cavity lengths, and some cases with internal
heat generation, /4, within the fluid.

Two different types of temperature boundary conditions
are considered for the surface raft. The first type (Section III)
is a thermally insulating raft. It is probably the most primi-
tive configuration because the only dimensionless numbers
are the Rayleigh number Ra, internal heating /, and two geo-
metric variables: the ratio of raft width to chamber width W
and the ratio of the chamber length to depth L (for clarity,
we say that the chamber always has a length and the raft
always has a width). The second type (Section IV) uses a raft
of fixed temperature 7,. Results span a range from cellular
convection with minimum effects from the raft (7, < 1) to
forced stratified flow for a very hot raft (7, > 1). To retain
the utmost simplicity, the raft exerts no drag forces on the
underlying fluid. The raft is simply moved at the velocity of
fluid at its center unless the raft is being pressed against the
side in which case the raft velocity is set to zero. In both
types of raft temperature boundary conditions, the free-slip
stress condition is unchanged. Therefore, the rafts only alter
the temperature or heat flow condition at the top. In this
sense, the raft is as rudimentary as possible.

In spite of this simplicity, the raft has an enormous influ-
ence on convection for some parameters, but only a minor
influence for others. The largest influence results from a raft
that moves back and forth periodically causing the convec-
tion cell to perpetually reorganize. The reorganization con-
sists of the periodic growth and decay of two cells with
opposite circulation, a motion that is not present without the
raft for all the ranges of Ra and L. The minor influence
occurs when the raft is held fixed by the convection cells at
some location such that it determines the phases of the cells
and to some extent the exact magnitude of the flow. There
are three such locations for trapping a stationary raft: the raft
can be held to the side by a steady convection cell, the raft
can be held steadily over the convergence point above a
sinking region, or the raft can be held steadily over the diver-
gence point of an upwelling region.

Il. FORMULATION OF THE PROBLEM
A. Governing dynamics

The basic equations for this model in Cartesian coordi-
nates express continuity, momentum conservation, and
energy conservation:

Vi =0, (1a)
~/
pgy Nl == =N'p' + V' -7 + gapyT'k,  (1b)
or H'
— 4 i VT =xV?T 1
o7 +u K + pcp s (1c)

in which the velocity vector is &', density is p with the aver-
age density p,, temperature is 7', time is 7, the stress tensor

Phys. Fluids 23, 104103 (2011)

is rﬁj = u(?—‘é + %), viscosity is constant and denoted by g,
; i
acceleration of gravity is g, the linear thermal coefficient of
expansion is «, thermal diffusivity is «, internal heat genera-
tion is H’, specific heat at constant pressure is C,,, and kis a
unit vector in the direction of gravity directed downward in
the 7' coordinate direction. The prime denotes dimensional
variables (temperature, velocity, time, and location); dimen-
sionless variables have the prime omitted. Initially the tem-
perature everywhere is T}). The fluid is in a two-dimensional
chamber of depth D’. Temperature is the same along the top
except under the raft, and the temperature of a strip centered
along the bottom is suddenly raised to T, + AT’ at a time
that we set to zero.

The variables are made dimensionless using a velocity
scale k /D/, temperature scale AT’, time scale D" /K, and in-
ternal heating scale pC,kAT'/D”, where K =k/p,Cp.
Henceforth, dimensionless (unprimed) variables are used.
Dimensionless temperature is T = (" — T()) /AT'.

The heat equation is

oT

—+i-VT =V’T+h. (2a)
ot

For two-dimensional Cartesian flow with the origin at the
lower left of the chamber and positive directions into the
chamber, the equation for vorticity { = Ow/0x — Ou/Jz is

or

2—_ -
Vil = Raax7

(2b)

and the equation for the stream function  where

u=—0y/0zandw = Oy /Ox is

Vi =L (2¢)

The Rayleigh number is Ra = gaATD?/xv in which
v=u/po. Equation (2a) is advanced numerically using a
leapfrog-trapezoidal scheme for each time step Jt. Then, Eq.
(2b) is solved by inverting the Poisson equation, after which
Eq. (2¢) is solved using the same Poisson equation inversion
scheme. Boundary conditions are set to ¥y = { =0 on all
boundaries. At the top boundary, T = 0 except for locations
where the raft is present, in which case either the heat flow is
zero (OT/0z = 0) or the surface temperature is fixed to a
given value, T,. The bottom boundary has T = 1, and the
sides have zero heat flux, so that 9T /Ox = 0. The initial con-
ditions are y = { = T = 0 in the interior.

The raft speed is set equal to the speed of the flow at the
center of the raft. Therefore, for a raft whose center is located
at ¢, the raft is moved according to dc/dt = u(c,0). In order
to view only the thermal consequences of having a raft at the
top of the fluid, there is free slip between the fluid and the
raft. One can think of the raft as being slightly elevated above
the fluid surface, but insulating it thermally and having a
“keel” or “drogue” at its center that connects it to the fluid.

The benefit of investigating such a simple problem is
that calculations are efficiently made and numerous runs
can be performed rapidly covering a wide range of the gov-
erning parameters. In addition to Ra, the only additional
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dimensionless numbers needed to describe the problem are
internal heating 4, chamber length L=L'/D’, and raft width
W, which is scaled by the chamber length so that W=W'/L’.
Calculations cover the range of 500 < Ra < 20000 and raft
widths range from smallest possible (which depends on the
numerical grid size) to the largest possible, which is W= 1.
Four grid sizes (16, 32, 64, and 128) were originally tested,
but the 32 grid was found to be sufficient for evaluating
results over wide ranges of the governing parameters, bal-
ancing calculation speed, and model resolution. The calcula-
tions consistently show that grid size has no effect of the
qualitative nature of the results so that regime diagrams are
unchanged, although the exact location of the boundaries
between regimes is calculated more precisely with finer grid
resolution. Naturally such a regular grid creates some special
behavior. For example, any combination of flow field, tem-
perature field, and raft location that is perfectly symmetrical
in the horizontal direction about the midpoint of the chamber
at the beginning of a model run remains that way forever.
Thus, any raft starting at the center with symmetric initial
flow and temperature (including of course zero values)
remains there forever.

B. Calibration

To calibrate this system, convection with only bottom
heating and no raft present is numerically calculated in the
range 500 < Ra < 900. We find that our benchmark results
are identical to the analytical results for convection with the
same parameters. With a square chamber cross section
(L=1), linear theory shows that convection at the value
Ra=23r* =779.2727 is neutrally stable. Numerical runs
were started with a linear initial temperature distribution and
a perturbation to violate the symmetry mentioned above.
This perturbation is simply one off-center interior grid point
set to a temperature of 1. That perturbation immediately ini-
tiates a small forced flow, and by 35 numerical time steps,
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the signal spreads throughout the numerical grid. The maxi-
mum value of the stream function is found to be decaying in
time for Ra =779 (for all time steps thereafter) but growing
in time at 780.

Ill. CONVECTION WITH AN INSULATING RAFT
A. Chamber with L=1

We first show results for the simplest possible configura-
tion—a square chamber (L=1) with no internal heating
(h=0) and an insulating raft with smallest width W. Based
on results for ordinary convection without a raft, the results
for the 32 square chamber are adequately resolved in all
aspects, and we continue to use this grid size hereafter. For
the width of the raft, the smallest value of W= 1/32 occu-
pies only one grid point, which is not desirable because a
float occupying one grid point cannot be located at the exact
center of the top boundary. Consequently, it does not allow a
steady flow underneath it with perfect left-right symmetry.
Instead, we choose the raft width W = 1/16 = 0.0625, so
that a left-right symmetric flow can develop if the raft stops
at the center. In this case, the only independent variable is
Ra, and for a fixed value of Ra, the velocity and temperature
are calculated over time along with the raft position.

We start by observing the response of the system to the
presence of the raft for Ra < 812. There are many possible
dependent variables that illustrate the results of such a calcu-
lation: maximum value of vorticity, maximum value of heat
flux, or raft location come to mind. However, because our
primary focus is on the moveable raft, it is useful to first
examine the trajectories of raft location with time. For small
Ra, the raft gradually went to the center and stopped. For
example, with Ra =500, the approach of the center of the
raft to the center of the top is monotonic and is dominated by
two features that may be due to the discrete size of the grid
(Figure 1(a)). First, there are two changes in the slope of the

FIG. 1. Trajectories of the raft with time for a raft
width W = 0.0625. The vertical axis the location of the
center of the raft and the lateral axis is time. The values
of Ra are (a) 700, (b) 800, (c) 807, (d) 810, (e) 812,
(f) 815, (g) 845, (h) 870, and (i) 872.5.

0.58 0.57 06
(a) (b) (0
05 05
0.51 0.48 0.46
0 Tlme 30 40 40
06 : 0.58
0.56 (d) 0.56 (e) (f)
05
0.5 05
0.4 44 - 0.42
0 80 60 4% 250 500 0 20 40
1 .
0.8 (9) (h) L 6]
05 05 05F
0.2 ol
0 20 w0 %o 20 40

o

20



104103-4 Whitehead, Shea, and Behn

position versus time at times of about 6 and 23 as the center
of the float encounters large changes in velocity as it moves
from grid point to grid point. Second, the raft coordinate
does not approach exactly 0.5 because the numerical scheme
places the raft at a specific grid location set by the rounded-
off value of the raft location coordinate. Once the raft is
numerically set on a grid location, if velocity at that location
goes to zero the raft location coordinate stops changing.
Although these effects are relatively easy to see in this
case, such significant effects from the finite grid size are not
noticeable at larger Ra.

The critical Rayleigh number (above which we find
steady oscillations) is in the range 811 < Rac < 812.
Approximately 1% below Rac, the raft overshoots the center
after which its trajectory decays (Figure 1(b)), and closer to
Rac, there are decaying oscillations (Figures 1(c) and 1(d)).
The exact ranges of overshoot and decaying oscillations are
unknown.

For values above Rac, only one cell forms and it contin-
ually moves the raft to one side. Once the raft is there, the
insulation from the raft warms the fluid below it, and a new
cell of opposite sign grows under the raft and expels the
previous cell. Therefore, the raft oscillates back and forth
(Figures 1(e)-1(h)). For the smallest value of Ra in this
range, the excursion has a peak to peak amplitude of only
one numerical grid point (panel e), and for larger Ra, the am-
plitude increases (Figure 2). Near Rac, the increase of ampli-
tude with Ra is close to vertical. Then, for values of Ra from
about 815 progressing up to approximately 850, the increase
appears to be close to linear and from there to 860 there is a
bit of curvature. At approximately 860, the increase in ampli-
tude with Ra changes back to a linear relationship but with a
different slope, possibly signifying raft interaction with the
sides of the tank. Finally, at Ra = 871, the oscillating behav-
ior vanishes. Instead, the raft is swept to the side of the tank
by the convection cell where, for 872 < Ra < 20,000, it is
pinned by a steady flow (Figure 1(i)). The raft ends up on ei-
ther the left or the right side of the tank, depending on
whether the raft was right or left of center (respectively) at
the start of the calculation. The initial upwelling is on the
same side of center as the raft, and because only one cell
emerges above Rac, the cell sweeps the raft to the side oppo-
site to the initial upwelling.

0.8

0.6
Amp.

0.4

0.2

0
800 810 820 83'3 840 850 860 870
a

FIG. 2. Amplitude of oscillation as a function of Ra for a raft with width
W =0.0625.
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The streamlines and temperature contours for various
flows illustrate the raft-flow interaction. For Ra < 812, where
there is no oscillatory flow, a typical numerical run begins
with the raft placed off center. Soon, one convection cell
forms with upwelling on the side occupied by the raft. This
cell moves the raft toward the center. As the raft approaches
the center, a flow with two cells is seen to emerge in addition
to the single cell. The second cell is seen first in the top cor-
ner behind the moving raft and it rapidly grows so that the
upwelling stagnation point soon overtakes the raft. Then, the
raft becomes centered in the middle and upwelling occurs
under it, with sinking on both sides of the chamber. Once the
raft arrives at the exact center of the top of the chamber,
where the lateral velocity is zero, the single cell vanishes and
the raft remains fixed over the double cell (Figure 3).

Since the raft lies at the diverging point on the top of
the upwelling with two cells, it is reasonable to expect that
the raft position might be unstable since a small displace-
ment to one side or the other would sweep the raft onto a
flow away from the center. This does not occur in this pa-
rameter range because a displacement of the raft quickly
produces the single cell seen in the transient case. This sin-
gle cell is superimposed on the two cells, and it produces
velocity in a direction to drive the straying raft back toward
the center.

The mechanism driving the oscillation for Ra > Rac
simply involves the same single eddy (Figure 4). In this case,
the raft moves to one side and soon the insulating properties
cause a warm thermal signal to diffuse down into the cold
sinking region. The region becomes warmed and the cell
changes direction. The new cell drives the raft back toward
the other side. The flow is rapid enough to allow the raft to
overshoot the center before the new reversed thermal signal
develops.

Next, flows are calculated over time for other values of
W in chambers with L = 1. The characteristics of flows that
are found after a long time are illustrated with a regime dia-
gram in Ra-W space in Figure 5. Either a periodic oscillation

L L L L L L

FIG. 3. The steady subcritical flow for W=0.0625 and Ra =700 at = 30.
An insulating raft (black block) has been drawn to the center and remains
there indefinitely. The stream function (closed contours) reveals two cells.
The steady state temperature contours (every 0.1) are almost perfectly hori-
zontal (black lines).
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FIG. 4. (Color online) Sections of temperature (black contours, every 0.1)
and velocity (color or gray contours) every two time units during half an
oscillation cycle for an insulating raft with Ra=850 and W =0.0625. The
black block at the top illustrates the location of the raft. The arrows show
the flow directions of the raft and of the fluid immediately below the raft.

of the raft position, with the amplitude of back and forth
oscillation (full scale excursion) shown by the number, or a
stationary flow is found. The oscillatory flow is always sym-
metric about the center of the chamber so all flows follow a
sequence identical to the example in Figure 4. The stationary
flow has two modes: In one, the raft is swept to the sinking
side of the convection cell and then held there by the conver-
gence of the surface flow. There is only one convection cell
in the chamber. This mode is found for W smaller than the
width to produce oscillations and below the lower dashed
line in Figure 5; denoted by “D.” The second stationary
mode has the raft held at the center over an upwelling
with two cells and sinking along each sidewall as shown by
Figure 3 for subcritical Ra. It is denoted by “U” and is found
for W larger than the width to produce oscillations. The
region is above and to the left of the top dashed line in
Figure 5.
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Ra

FIG. 5. Regime diagram for an insulating raft with L = 1. Oscillatory flow is
found inside the dashed area with the number denoting the full amplitude of
the excursion back and forth. Symbols are U—stationary raft centered over
steady upwelling and D—stationary raft held to the side over a steady sink-
ing region.
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B. Chamber with L=2or 4

Convection in a chamber with L =2 (a 32 x 64 cham-
ber) has almost no tendency for the raft to oscillate, but oth-
erwise it has similar results to the square chamber (Figure 6).
There are two observed oscillations. The first oscillation is
found exactly at Ra = 8000 and W =0.75, where a large raft
moves back and forth opening sinking regions on alternating
sides. For flow at Ra = 7000, and also to the left and above
the dashed line, the raft is stationary and centered over an
upwelling. For flow at Ra =9000 and to the right and below
the dashed line, the raft is stationary and held to the side of
the tank. The second oscillation is not shown in Figure 6
because it was found in between the grid points in a narrow
region of Ra-W space near 800 and 0.05. A full exploration
of both regions is not completed yet. In three widths at
Ra=20000, the flow is irregular with time. In these cases,
transient thermals descend from the top unstable boundary
layer at irregular times. This irregular flow is described in
more detail in Section V B.

The convection in a chamber with aspect ratio 4 (L =4)
(128 lateral grid points) has only steady flow in Ra-W space
(Figure 7). As with the lower aspect ratio flows, the raft is
held fixed over a sinking region for smaller W and over an
upwelling region for larger W. In some cases, it takes consid-
erable time, much greater than one time unit, to come to
steady flow as the three or four cells in the chamber sort
themselves out in the presence of the raft. For the case of a
raft over a sinking region, the cells show two arrangements
(Figures 8(a) and 8(b)); either the raft is trapped at the
boundary with three cells present (most commonly, and at
lower Ra) or the raft is trapped over the center of two cells
with sinking at the center. The latter is only found at larger
Ra and then only if the raft is placed near the center or if the
raft arrives at the center as the cells evolve. There seems to
be hysteresis between the three and two cell arrangements
for a given value of W, but no detailed study is completed.
With the raft over an upwelling region, the cells also
show two arrangements; either there are two unequal cells

U U U U u U u
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U U U U u U u

08 | v ===
U U U U u U 266D D

or | § ,

-
o6 LY U U U u_ D o |
-~
05 Fu u u u - - D D DI
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04 Fy v v b D D DI
,

03 | 7 B
U U U D D D D

0.2 | 7 i
U uD D D D D

0.1 |- 7/ 4
u,0b D D D D D
800 900 1000 2000 4000 8000 20000

Ra

FIG. 6. Regime diagram for an insulating raft with chamber aspect ratio
L =2. One set of parameters (Ra = 8000, W =0.75) on this grid produced an
oscillation whose amplitude is shown by the number. Symbols are U—sta-
tionary raft centered over steady upwelling, D—stationary raft held to the
side over a steady sinking region, and DI—stationary raft held to the side
over an irregular and unsteady sinking region.
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FIG. 7. Regime diagram for an insulating raft with a cell aspect ratio of
L=4. Symbols are U—raft over steady upwelling, D—raft over a steady
sinking region, and DI—raft held to the side over an unsteady sinking
region.

(Figure 8(c)), with upwelling under a raft that is separated
from the boundary by one cell (for smaller Ra), or there are
two equal cells (Figure 8(d)) with the raft centered over the
upwelling, with consequent sinking at the boundary (for
larger Ra). Upwelling never traps a raft at the boundary.
There appears to be no sign of hysteresis between these two
arrangements, but further study is warranted. Because the
hysteresis question remains open, Figure 7 contains no infor-
mation of the number of cells in Ra-W space.

In summary, the oscillations are only found for the case
of L =1 except for one case with L =2. Generally, the raft is
trapped at a sinking location for small rafts and at an upwell-
ing location for large ones.

FIG. 8. (Color online) Sections of temperature (black contours, every 0.1)
and velocity (gray contours) for the four arrangements of cells and raft for
L=4.
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FIG. 9. Regimes of flow for the raft of fixed temperature at Ra = 20000 as a
function of 7,. In the vertically dashed regions with arrowheads (Regimes 2
and 3), the raft moves back and forth. In Regimes 1 and 4, the raft becomes
stationary at the location shown by the solid (or, by reflection symmetry,
dotted) lines. Because of reflection symmetry about the centerline of the
chamber, a stationary raft can be trapped in either one of the two locations
unless it is at the exact center. A perfectly symmetric flow with the raft at
the exact center is shown by the light dashed line. This flow is unstable to
small perturbations of raft position off the center except for the two points
designated by X, where stationary flow emerges even though the raft is ini-
tially started slightly off center.

IV. ARAFT WITH A SPECIFIED TEMPERATURE,
THREE VARIABLES

A. Ra=20000

If the temperature of the raft is specified as T,, then
there is one additional parameter driving the system as
compared with the system in Section III with an insulating
raft. If internal heating (%) is also applied, there is a second
additional parameter. With these modifications, the drifting
behavior of the raft extends to higher values of Ra. The
results for numerous runs varying 7, at Ra=20000,
W=0.25, L=1, and h=38 are typical of this system and
are, therefore, shown in detail here. There are four regimes
of flow (Figures 9 and 10). Regime 1 (7, < 0.525) is identi-
cal to the “D” mode for L=1 in Section III. The raft is
swept to the sinking side of the convection cell and then
trapped there by the convergence of the surface flow. There
is one convection cell in the chamber. Two such states are
possible, one with clockwise circulation and with the raft
held on the right wall and the other with mirror symmetry
to that (dashed line). In Regime 2 (0.525 < T, < 0.8125,
Figure 11), both symmetries of cell flow are realized, but
the raft goes back and forth across the top of the chamber
and alternately triggers one cell and then the other because
the flow direction in the cell abruptly reverses at the end of
each traverse. It is identical to the oscillation in Section III
for L=1. In Regime 3 (0.8125 < T, < 1.2, Figure 12), two
convection cells exist that produce sinking along both side-
walls and rising under the raft. One cell is stronger than the
other and the speeds of the two cells become stronger and
weaker cyclically. In the extreme limit of this regime, one
cell dies away completely and then reemerges. In Regime
4, T, > 1.2 the two cells are stationary, but of differing
strength. For increasing 7, in this regime, the two cells
become closer in strength and the raft location is progres-
sively closer to the center of the cell. Finally, for 7, > 4,
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FIG. 10. The trajectories of the raft cen-
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the raft is at the center, and we have returned to the primi-
tive two cell flow with a stationary raft over upwelling first
shown in Figure 3.

The raft goes to the center and stops over the upwelling
fluid for two other parameters as well. One has exactly
T, = 0.8125, the precise value of T, between Regimes 2

t=2.40

FIG. 11. (Color online) Isotherms (black contours every 0.1), arrows indi-
cating flow direction, and stream function (color or gray contours) in an
example of a reversal in flow direction for a Regime 2 oscillation with
T, = 0.7125. The descending thermal on the left slowly gets weaker. Then,
rather suddenly within 0.02 time units, a new descending thermal develops
on the right.

1.5 2 25 3 35 4

and 3. The other is for 7, = 1. In both of these cases,
numerous calculations with assorted grid sizes and time
steps show that the raft is swept to the center and stops.
Therefore, a motionless raft surrounded by two cells of
equal size is a stable fixed point not only for 1.20 < T, < 4,
but also for 7. = 0.8125 and 1.

B. Ra=4000

Results of similar calculations for Ra =4000 are shown
in Figure 13. There are only three regimes instead of four.
The former, time-dependent Regime 3, where the raft is
trapped on one side with two cells cyclically alternating in
strength is gone. It is possible that this is because the Ray-
leigh number is too low to have a double cell in the chamber.

V. OTHER NONLINEAR EFFECTS
A. Hysteresis of flow modes

In one case, the calculations give evidence of hysteresis
and multiple values for the same driving parameters. It is not
clear whether the multiple values arise as a result of the
finite-difference scheme and the symmetry of the grid about
the middle of the chamber. The Rayleigh number is 20 000,
the grid is 64 square, and the raft has a constant temperature
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FIG. 12. (Color online) Isotherms (black contours every 0.1), arrows indi-
cating flow direction, and stream function (color or gray contours) in an
example of a cycle in a Regime 3 oscillation. The raft goes back and forth
synchronously with a circulation cell on the left starting and stopping peri-
odically. The dividing streamline between the two cells moves laterally and
this causes the raft (thick block) to move back and forth. The dashed lines
show the location of the two edges of the raft at the beginning of this cycle.
One arrow in each frame shows flow direction.
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FIG. 13. Regimes of flow for the raft at Ra =4000 as a function of 7. The
regimes behave as the Regimes 1, 2, and 4 shown in Figures 9 and 10.
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FIG. 14. Raft location over time for a case where the raft becomes initially
captured into a right-left symmetric mode above a flow with two cells of
equal size. Then, it is artificially moved to a location near the edge and a
Regime 3 oscillation develops. When the raft is instantly moved back to the
center point at =3, the symmetric mode develops again even though the
temperature distribution is quite non symmetric when it is moved.

T. = 1. Figure 14 shows how the two states are possible, one
with oscillations and the other with the raft at the center
(denoted by an x in Figure 9). After starting, the raft moves
to the center and is captured there. Then, if the raft location
is instantly changed to a value within the range of oscilla-
tions indicated in Figure 9, an oscillation will develop. How-
ever, if the raft is placed outside the oscillation range, the
raft returns to the center. In the example shown in Figure 14,
the new location is 0.328, but other locations in the range
that gives an oscillation also produce the oscillation cycle.
After the oscillation has developed, if the raft is instantly
relocated to the center (0.5), the raft starts to drift but the
drift decays and the raft becomes stationary at the center af-
ter a brief period of drift. The small amount of drift after
relocation is just visible in Figure 14. Therefore, there are
two flows and both are stable to small disturbances. One is
steady and the other is oscillatory.

B. Irregular behavior

Some irregular flows developed. They occur more easily
with internal heating, but it is not required since some exam-
ples are reported in Section III in which 7 =0. The example
illustrated here (Figure 15) has L=2, Ra=20000, and
W =0.25, with a raft that is held fixed over the upwelling
end. The irregular time series and velocity time series broke
out along the thermal boundary layer after a short time.

The mechanism is visible in Figure 16. There is one con-
vection cell with rising on the right under the insulator. The
thermal boundary layer stretches across the entire top and
the cold fluid sinks along the left wall, but at the same time,
it develops a growing bulge that begins to grow into a cold
sinking region. The bulge is swept toward the left end as it
grows. Usually, it reaches the left end before sinking all the
way to the bottom, but occasionally it descends into the inte-
rior before reaching the left end. In this case, it temporarily
produces two cells in the stream function, but the left cell
quickly dies away and one cell remains. This event is
repeated at irregular intervals.
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FIG. 15. Time series of irregular flow: (a) maximum value of the stream function and (b) conductive heat flow at the top center of the chamber.

VI. DISCUSSION

We have explored the marginal stability and finite am-
plitude behavior for convection heated uniformly from
below with a small raft that possesses either insulating or
fixed temperature conditions. Naturally, the linear instability
differs from the standard Rayleigh-Benard problem because
a fixed raft produces a small flow at all values of Ra. The
instability appears in the form of an oscillation of the raft.
Since the raft size is obviously limited by grid size, it is
unclear whether an insulated raft in the limit of W — 0
produces oscillations above Ra=779 or not. The stability
analysis would have to be expanded as a two-parameter
stability analysis around the critical value of Ra. Such an
analytical stability analysis has not yet been conducted.

This study indicates that the parameter space for even
these very simple cases is rich in different results. The vari-
ous regions of oscillation are characterized by clear bounda-
ries, although there may be multiple states in a few
instances. An irregular and possibly chaotic time series for
the convection is found for some examples but only for cases
with a stationary raft. For cases in which the raft moves after
large time, the flow and raft trajectories are oscillatory.

Clearly the value of L is the most important parameter
for determining whether there are oscillations or not. Very
close to Rac with L =1, only the lowest lateral wavelength
mode is a growing mode for convection without the raft.
Thus, the raft directly excites the cell corresponding to this
mode, but the flow sweeps the raft to the opposite side of the
tank and excites the opposite circulation. A first approxima-
tion of this system can be built by starting with the well
known amplitude equation for one convection cell that
exactly fits in the chamber without a raft of the form
9 — (Ra — Rac/Rac)a — a* (Ref. 7) in which a is the ampli-
tude of the convection cell. The value of Rac that must be
used pertains to a cell that exactly fits in the box rather than
the minimum in the growth rate curve that is usually used for
cells in a layer of infinite horizontal extent. Let us take the
convention that positive @ implies upward flow along the
origin (left wall), and thus flow to the right at the top of the
chamber. Then, we can add to this equation a term that

represents the insulating nature of a raft. The convention will
be that b is zero when the raft is exactly in the middle of the
tank, since in that case the raft provides extra heat to the fluid
exactly at the center of the chamber and it reinforces neither
upwelling nor sinking along the left wall. Therefore, we let b
be positive when the raft is to the right of center and negative
to the left of center, and we subtract a term linearly propor-
tional to b to the amplitude equation. There is an implicit
assumption that the raft moves so slowly that the temperature
signal from the moving insulator conducts completely into
the fluid below the insulator with little alteration from either
raft or fluid movement. Finally, the equation for the move-
ment of b is db/dt = a. Altogether, the equations for ampli-
tude and raft position are

Ra —R
@: L) PR (az)a7
dt Rac
3)
»_,
a0

The coefficient ¢ couples the location of the raft with the
buoyancy forces from the heat supplied to the fluid from the
raft. This coefficient is found by solving a thermal conduc-
tion equation and therefore it is proportional to either W for
an insulted raft or 7, for a fixed temperature raft in addition
to geometric terms. No determination of the exact value of ¢
is made here; it is set equal to one for the example shown in
Figure 17. The equations are easily advanced in time
numerically and oscillations result. We find with a number
of calculations with fixed Ra that as ¢ becomes smaller and
smaller, the maximum of b during a cycle becomes larger
and larger (Figure 17). The value |b| > 0.5 is found for
some value of the parameters. If |b| =0.5 is imposed
numerically at the next time step (to force the raft to remain
in the chamber), the oscillation stops. Also, for fixed ¢ as the
value of Ra is increased above Rac, the amplitude of the
maximum value of b during a cycle increases in a manner
similar to Figure 2.

While the Ra of the Earth’s mantle (~1 x 10°) is signifi-
cantly larger than that explored in this study, it is useful to
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FIG. 16. (Color online) Temperature (black contours) and streamfunction (color or gray contours) for irregular flow at Ra=20000 with the raft held fixed
along the right side. The sinking boundary layer lies either along the left wall or it descends within the interior at irregular times. Panels are 0.02 time units

apart left to right and down with time starting at 1.26

consider our results with respect to plate tectonics—with the
rafts acting as rough analogues for the continents riding on
top of the mantle. On Earth, the Wilson cycle describes the
assembly and breakup of supercontinents over time-scales of
multiple hundreds of millions of years. Similar cyclicity is
found in our numerical simulations. As stated above, the side
boundaries of the chamber in our models are free-slip, allow-
ing us to reflect the cellular pattern across either side bound-
ary. When the continent/raft converges on one side, it can be
thought to form a supercontinent with its reflection. When

the plate moves away from the edge, the supercontinent
breaks up, in a simple example of a Wilson cycle. From this
perspective, the insulating effect of rafts (continents) on
mantle convection is critical to supercontinent formation and
breakup. In this scenario, the continents serving as insulators
increase the mantle temperature below and change the dy-
namics of convection, which in turn affects continent dynam-
ics. The fact that the cycle seems to vanish with increasing
Ra is new. It indicates that the penetration of a thermal signal
below the raft is greatest when flow is sufficiently slow to
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FIG. 17. Solution to the amplitude Equation (3) for Ra—Rac/Rac =0.01,
& = 1. The solid curve is the amplitude @, and the dots show raft locations b,
which lag amplitude slightly in time.

allow the signal to conductively penetrate through a substan-
tial depth of the convection region.

The link between penetration of a thermal signal and
flow speed is revealed by the fact that the periods of oscilla-
tion in Figures 1, 10, and 14 are of order one and this is true
even for Ra =20000 (Figure 10). Because the order one pe-
riod is scaled by the thermal diffusion time scale and because
that time scale is many tens of billions of years in the Earth’s
mantle, this seems to rule out the relevance of the oscilla-
tions we see here for plate tectonics on Earth. (For a time
scale estimate, use D' = 1000 km and x = 10~° m2s”! yield-
ing about 30 billion years (Ref. 5) or roughly eight times the
age of the Earth.) This agrees with a recent study (Ref. 9)
that indicates that a supercontinent primarily modulates man-
tle convection by determining subduction locations rather
than by warming the mantle below it through thermal insula-
tion effects. However, the values of Ra explored in this study
(~10°—10% are much lower than for the Earth’s mantle
(~1 % 10°). Perhaps runs at larger Ra will produce cyclic
behavior with faster cycles (though there is little evidence
for such rapid cyclic behavior at larger Ra in our current
models). Thus, based on the results presented here, modula-
tion of deep mantle convection by the insulating effects of
continents (to produce, for example, the Wilson cycle) does
not seem to be in accord with our primitive model.

VIl. CONCLUSION

For insulated rafts, oscillations exist in discrete regions
of parameter space and are always symmetric about the cen-
ter. A range of raft widths have oscillations for
800 < Ra < 20000 with L=1. However, runs with L =2
have only two examples of oscillatory behavior in very small
parameter ranges, and with L =4, there are no oscillations.
For a raft of fixed temperature in the range 7, < 0.525 with
Ra=20000, L=1, and W=0.24, the raft is swept to one
side and remains pinned there by a steady flow. For
0.525 < T, <0.8125, the raft oscillates about the center and
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in the range 0.8125 < T, < 1.20, the raft oscillates off cen-
ter. The oscillation amplitude decreases until finally the raft
is stationary at 7, > 1.20 and offset from the center. For
increasing 7, the offset moves toward the center of the tank
and the raft is stationary and centered for 7, > 4. There are a
few points where special flows exist that are different from
flows in nearby parameter space.
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