W 117 Mt 8 Ocnobr 988 s eren

Geophysical & Astrophysical
Fluid Dynqmics

Geophysical & Astrophysical Fluid Dynamics

ISSN: 0309-1929 (Print) 1029-0419 (Online) Journal homepage: https://www.tandfonline.com/loi/ggaf20

©

Taylor & Francis

Taylor &Francis Group

Transitions and oscillations in a thermohaline
deep ocean circulation model

J. A. Whitehead

To cite this article: J. A. Whitehead (2018) Transitions and oscillations in a thermohaline deep
ocean circulation model, Geophysical & Astrophysical Fluid Dynamics, 112:5, 321-344, DOI:
10.1080/03091929.2018.1530351

To link to this article: https://doi.org/10.1080/03091929.2018.1530351

@ Published online: 10 Oct 2018.

\g
C?; Submit your article to this journal &'

||I| Article views: 96

A
h View related articles &

@ View Crossmark data (&'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=ggaf20



Taylor & Francis

2018,VOL. 112,NO. 5,321-344 °
Taylor &Francis Group

GEOPHYSICAL & ASTROPHYSICAL FLUID DYNAMICS e
https://doi.org/10.1080/03091929.2018.1530351

W) Check for updates

Transitions and oscillations in a thermohaline deep ocean
circulation model

J. A. Whitehead

Department of Physical Oceanography, Woods Hole Oceanographic Institution, Woods Hole, MA, USA

ABSTRACT ARTICLE HISTORY
Theoretical ocean convection is a numerically calculated model of Received 13 June 2018
the ocean with salt water in a two-dimensional container. The bound- ~ Accepted 26 September 2018

ary conditions along the top are linearly changing temperature T and KEYWORDS

flux of salinity S increasing from the model’s pole to equator. The Thermohaline; multiple
sides and bottom are insulated and impermeable. Diffusivities of T states; hysteresis; oscillations;
and S are equal so double diffusion is eliminated. Therefore, the focus deep ocean circulation
is upon the consequences of mixed Dirichlet/Neumann conditions

upon two-dimensional T/S convection in this deep ocean overturn-

ing circulation configuration. Results are calculated over wide ranges

of Rayleigh number Ra (0-2 x 10°), salinity flux Rayleigh number Raf

(0-3 x 109), container length (2-32), and Prandtl number Pr (1-128

and co). Two different equations of state are considered: one has con-

stant properties everywhere including constant thermal and salinity

density coefficients (the Boussinesq approximation), and the second

uses the seawater equation of state in an oceanic T-S range. Results

at fixed Ra are presented for numerous values of Raf until either a

steady flow or a time-dependent cyclic flow sets in. For Boussinesq

flow with Pr < 10, and for seawater flow up to at least Pr = 128,

flow oscillates in some parameter ranges. The oscillation of convec-

tion cells occurs during a salinity dominated mode with equatorial

sinking. This oscillation differs from oscillations of the temperature

dominated mode in some climate models and it also differs from

oscillations in laboratory experiments for T/S driven convection. In

other parameter ranges, flows become steady and hysteresis and

multiple states exist for the two modes.

1. Introduction

The flows of heat and of water in and out of the ocean surface provide boundary conditions
to the ocean’s temperature and salinity that have profound effects on deep ocean circula-
tion, equator to pole heat transfer, atmospheric weather and earth’s climate. A classic model
that is more than 50 years old (Stommel 1961) illustrates the very simplest consequence of
the fact that there might be different time scales for buoyancy forcing from temperature
and salinity. Although deep ocean water is cold as a result of convective sinking in the
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Earth’s colder regions it showed that another mode of ocean flow is possible, with sinking
in regions of enhanced salinity by excess evaporation over precipitation (E-P). The model
consists of two chambers containing stirred water placed side by side and connected by two
lateral tubes, one at the top and another at the bottom. Each chamber has a small stirrer
and a diffusive, conductive sidewall in contact with a neighbouring storage tank. One stor-
age tank contains hot salty water to represent heating and excess (E-P) over the tropical
ocean. The other storage tank contains cold water of lower salinity to represent cooling and
negative (E-P) over a polar region. The model is frequently referred to as a “box model”
since the chambers and tubes can be represented as boxes of water connected by tubes. The
governing parameters are the difference of storage tank temperatures 7%, and salinities $*,
the diffusion rates of T and S through the diffusive, conductive sidewalls and drag within
the tubes. They form the ratio «T*/BS* (o is coefficient of thermal expansion and g is
the density change coefficient for salinity), a thermal timescale tr, a salinity timescalets,
and an expression of the drag experienced by the water flowing between chambers. For the
ocean, T7 < Ts and hysteresis occurs between one flow dominated by T (the T-mode, with
sinking in the cold freshened box), to a second flow dominated by S (the S-mode, with
sinking in the warm salty box) as long as drag is sufficiently small. Subsequent studies of
more complex box models also find multiple states and hysteresis between them (Marotzke
1994). The box model has similar results if salinity relaxation with timescale ts is replaced
by salinity flux (Whitehead 1995, 1996).

Flow driven by temperature differences and salinity flux is the topic of this study. It
has been found that oscillations can also occur for flows driven by different flux laws for
temperature and salinity at a surface. A simple model by Welander (1982) considers a strat-
ified region of fluid below a horizontal surface kept at constant temperature and with a
constant flux of salinity with two stacked boxes and different diffusion rules between the
boxes depending on the density jump. An oscillation occurs for certain parameters. A sec-
ond model (Welander 1989) is a more realistic case of a small perturbation to stratified
fluid with constant salinity flux at the top surface. If an isopycnic surface below the top
is displaced upward by a small amount, the value of heat flow at the boundary is altered
because the local temperature gradient increases but salt flux is constant. This produces
a phase lag leading to growing oscillations. Although the mechanism resembles “double-
diffusion” oscillations when the diffusivities of two substances differ, (Turner 1973), this
oscillation occurs even if the diffusivities are the same.

Laboratory experiments with fixed temperature differences and salt flux imposed by
a pump have produced both hysteresis and oscillations. The earliest experiments had a
geometry like the Stommel box model with some variations for practical reasons. For one
thing, steadily pumped salty and fresher waters was a useful replacement to the diffusion of
salinity through the sidewalls because experiment duration was reduced from days to tens
of minutes. The magnitudes of hysteresis and of the jumps agree with a theory modified for
the laboratory configuration (Whitehead, 1995, 1996, 1998, 2000). Another design exhibits
only a tiny hysteresis range in spite of the fact that the jumps between modes remains large
(Whitehead 2009). Yet another design develops an oscillation with a layer that forms and
mixes away periodically (te Raa 2001, Whitehead et al. 2005). It is perhaps a good finite
amplitude expression of Welander’s (1982) “flip-flop”.

This study pursues the quest to find multiple states and finite amplitude oscilla-
tions using the Navier-Stokes equations in the simplest possible configuration, a simple
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rectangular container. The convection is driven by an oceanlike linearly changing top sur-
face temperature boundary condition (Dirichlet boundary condition), found in a number
of configurations to study dynamics of deep ocean sinking (Rossby 1965, Beardsley and
Festa 1972, Paparella and Young 2002, Winters and Young 2009). Superimposed on the
top Dirichlet temperature condition is salinity flux along the top (representing water flux)
with positive salinity flux at the hot end that linearly decreases to negative salinity flux at
the cold end (Neumann boundary condition). Along the sides and bottom the container is
insulated and has zero salinity flux. The internal mixing properties of T and S are set equal
to each other. Such a mixing law is like most numerical models that assign equal values for
turbulent stirring of T and S within the ocean. It eliminates double-diffusion at the bound-
aries and certain well-known consequences such as salt fingers or double-diffusive layers
within the fluid. Therefore, this model is probably the simplest one possible. Calculations
with this simple geometry are not previously completed over extensive parameter ranges.

The initial motivation for the calculations was to document the expected multiple states
and hysteresis as in Stommel’s box model and the laboratory results. Subsequent justifica-
tion arose after connections with ocean models became clear. Specifically, a wide range
of such ocean circulation models exhibits oscillations. In many cases, a variety of mech-
anisms are included in such models such as atmospheric variability, rotating dynamics,
instability leading to eddies and turbulence, wind effects, and ice (Sakai and Peltier 1996,
Timmermann et al. 2003, Loving and Vallis 2005, Arzel et al. 2006, Sevellec and Fedorov
2015 and references therein). Ocean circulation models relevant to the present study use
only evaporation minus precipitation salinity balances combined with a fixed atmospheric
temperature. Phase lags of T and S generate oscillations in the Atlantic meridional over-
turning circulation. The models have varied complexity and sophistication. A simple 3 x 2
box model (Colin de Verdiere, Jelloul, and Sévellec 2006) combines the abrupt transi-
tions of the Stommel model with the “flip-flop oscillations found by Welander (1982)”.
Oscillations also exist in a simple box model (Colin de Verdiére 2007), a two-dimensional
ocean circulation model (Sevellec et al. 2006, Marchal et al. 2007), a three-dimensional
general circulation ocean model (Weaver and Sarachik 1991, Weaver et al. 1993), and cou-
pled ocean-atmospheric climate models (Delworth et al. 1993, Arzel et al. 2010, Colin de
Verdiére and te Raa 2010, and references therein). Oscillation periods are typically millen-
nial. Without exception, there are cyclic changes in strength of the T-mode (corresponding
to the present North Atlantic circulation). An oscillating S-mode is not found.

It must be emphasised that the intent here is not to provide an ocean model. Too much
important dynamics is missing. Principally, in this first approximation, the equations for a
rotating fluid are not even used. Why is rotation omitted when it is an essential ingredient of
most ocean models? The answer is twofold. First, the equations of motion for rotating fluid,
especially those applied to the ocean are more complex. They require either a fully three-
dimensional container or an averaging procedure across the basins to produce simplified
(zonally averaged) circulation, but this requires assumptions about dissipation within the
western boundaries and sinking regions that are not yet proven. Second, it is useful to strip
the problem down to the simplest case to study first. We can show that our results are robust
features over a much wider range of parameters than those of ocean model projects.

In addition, ocean circulation is only one of many phenomena represented by the box.
Oscillations are already found in other containers using Dirichlet/Neumann boundary
conditions. One sequence of studies of oscillating flows involves containers with binary
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convection driven by mixed Dirichlet/Neumann conditions (Tsitverblit, 1995, 1997a), and
in tilted slots (Tsitverblit 1997b, 1999, 2004, 2007, Zhao et al. 2007). Another study has
oscillations in a single cell model of Rayleigh-Benard convection of water driven by a tem-
perature difference and an upward flux of salinity (Whitehead 2017). Therefore, numerous
studies with mixed Neumann/Dirichlet forcing reinforced the idea that multiple equilibria
and oscillations might arise in the simplest problem as it is formulated here.

Although emphasis in this introduction is on an ocean model, abrupt transitions and
oscillations from mixed Dirichlet/Neumann might also occur in situations other than the
ocean. Multicomponent convection with mixed boundary conditions might occur in other
regions in the earth, as well as in the planets, in some of their moons, in certain types of stars
and in engineering. Virtually every fluid is multicomponent in the natural world. Earth’s
atmosphere and the gaseous planets have both temperature and another component such
as water, carbon dioxide, hydrogen or helium. Numerous moons have water and possi-
bly dissolved components with active interaction with ice melting and freezing. Likewise,
Earth has many layers of the surface, mantle, and core, all with a fixed surface temperature
and a compositional flux of water, crust and sediment into and out of the interior. Finally,
the stars have temperature and helium/hydrogen ratios, with differing flux laws between
layers. Thus, it is hoped that for all the reasons listed in this introduction, the focus upon
the consequences of mixed Dirichlet, Neumann double component convection with such
a simple geometry is justified by the new results presented here.

2. The model and governing equations

Convection in a container of water is driven by a temperature and salinity flux distributed
across the top. The water salinity S lies in a rectangular container of depth D, where z is
positive upward in the vertical direction of gravity and of length L in the lateral (x) direction
along the container. The average initial temperature of the fluid is Ty. A temperature Ty —
(AT/2) increases linearly from the top of the left end to To + (AT/2) at the top of the
right end. This makes the densest water from T at the left end and lightest at the right. A
downward salinity flux Fs = x[3dS/dz] is also imposed, where « is salt diffusivity. (Note
this definition of flux differs from the usual definition, which would apply to flux in the
upward direction.) The imposed downward flux at the top of the container is the negative
of this value at the left end and it linearly increases to this value at the right end. Therefore,
the densest water from S is at the right end and the lightest at the left.

The equations governing conservation of mass, momentum, heat, and salt have constant
coeflicients except for terms driven by buoyancy (see Appendix). They are transformed
to dimensionless form using velocity scale x/D, temperature scale AT (temperature in
deviation from Tj), a salinity scale based on the gradient providing a flux to the flow at the
right-hand top AS = 2DdS/dzo 1, and the timescale D? /. The dimensionless container
is sketched in figure 1. Dimensionless salinity flux along the top ranges from —0.5 to 0.5
and dimensionless temperature ranges from 0 to 1. The container has depth 1 and a length
given by the length L/D.

The dimensionless equations are

aT
5+u-VT=v2T, (1)
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Figure 1. A two-dimensional insulated rectangular container of water has linear changes of T and
downward salt flux Fs along the top. There is zero flux of water, heat and salt through the sides and
bottom.
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Only two-dimensional flows are considered. The vorticity equation is
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where ¢ = (0u/9z) — (dw/dx). The equation for a streamfunction is
Vi =g (4)

The three governing parameters are the Rayleigh number Ra = go ATD? /i v, the salinity
flux Rayleigh number Raf = —gB(3S/3z]D*/icv and the Prandtl number Pr = v/ik where
pPo is average density, v is kinematic viscosity, g is acceleration of gravity, « is the coefficient
of thermal expansion, 8 is the coefficient of density change by salinity, and « is both thermal
and salinity diffusivity. Length L/D is a fourth dimensionless number.

The appendix contains a description of the procedure of integration and tests of the finite
difference scheme used to numerically advance equations (1)-(4) in time ¢. The most novel
results, described in section 3, are oscillations that are different from ones found in other
configurations. The results show that with Boussinesq equations (i.e. with constant « and
B), the oscillations occur over broad ranges of L/D, Ra, and Raf for Pr < 4. Oscillations
also occur with a seawater equation of state for Pr from 1 to 128. The standard formula
EOS-80 (SCOR working group 1979) for the coefficients of expansion for temperature and
salinity for seawater is used with an average temperature of 5.0°C and salinity of 35 PSU.
For seawater calculations, spatially dependent values of Ra and Raf are inserted at each
grid point of the numerical equivalent to equation (3) to mimic the variation of expansion
coeflicients. The average values of Ra and Raf are used to set the parameter space results.
Section 4 describes steady flows that occur for Boussinesq equations with Pr = 0o and in
one case the results are shown to be very similar for Pr = 1. Either a T-mode or an S-
mode flow occurs with hysteresis and abrupt transition separating the extremes, similar to
even simple box model results. The parameter spaces for steady flows that are determined
are first a short container with L/D = 2 for Pr = oo, and for Pr = 1 with either Ra below
10°and Raf below 8 x 10°; or second for L/D = 8, 16, and 32 for values of Ra and Raf from
0 up to 2 x 10%. The places that results are given and the parameter coverage are all listed
in table 1.
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Table 1. Numerical results.

Location Ra Raf L/D Pr Type
Sec.3 2% 106 10° to 2 x 10° 8,32 1,00 B,S
Sec.5 2 x 10° 0 2 1 B
2a 10* Upto 1.5 x 10° 2 1 B
2b 3x10% Upto3 x 10° 2 1 B
2c 3x10° Upto3 x 10° 2 1 B
3a, 3e 10° Upto8x 10° 8 1 B,S
3b, 3f 10° Upto8 x 10° 8 2 B,S
3¢, 39 10° Upto8x 10° 8 3 B,S
3d, 3h 10° Upto8x 10° 8 4 B,S
4 10° 3%10°,25x% 10° 8 16 to 128 S
5 10° 3.5x% 10° 8 10 S
6 10° 2.5 x 10° 8 1 S
7a 10* Upto4 x 10* 2 00 B
7b 3 x 10* Upt06.3 x 10° 2 00 B
7c 10° Upto 1.8 x 10° 2 00 B
8 3 x 10% 6 x 10° t0 59,100 2 00 B
9 0 0 16 00 B
10 1000 10 16 1,00 B
1 1000 50 16 00 B
12a 3 x 10% Upto8 x 10* 8 00 B
12b 5% 10° Upto3 x 10° 8 00 B
13 3x10% 9200 to 11,600 8 ) B
14 3% 10* 36,100 to 36,200 8 00 B
15a 5% 10° 0 8 00 B
15b 5% 10° 5% 10° 8 00 B
15¢ 0 5% 10° 8 00 B

Note: Type indicates the equation of state; B is for Boussinesq and S for Saltwater.

3. Oscillating flows at low Prandtl number and in seawater

The length L/D = 2 is useful for determining the behaviour of the competing thermal and
salinity forcing because two circulating cells can lie side by side and each cell can be driven
by T or S more strongly and yet numerous cells side-by-side are not possible. For Ra = 10*
and Pr = 1, (figure 2(a)), hysteresis and abrupt transitions similar to the original Stommel
box model occur. However, for the larger values Ra = 3 x 10* and 10° and Pr = 1 (figure
2(b,c)) oscillations occur in place of a hysteresis range. The ranges shown in figure 2 are not
precise. Runs with slowly varying control parameters don’t accurately indicate the limits
of the oscillation range since oscillations at transition can have very long growth or decay
rates.

Similar oscillations exist in longer containers. Figure 3(a-d) (left column) presents
results when each flow has come to an equilibrium value of either steady flow or an oscil-
lation over many flow periods. It shows amplitude for the cases of Boussinesq convection
at Ra = 10°, L/D = 8 and for the four values Pr = 1, 2, 3, 4. Although coverage is not as
complete as in figure 2 because of time limitations for the numerous computations, clearly
there are well-defined ranges of oscillations for the first three values of Pr. The ranges of
oscillations differ from the range of hysteresis for Pr = 4 in figure 3(d).

Ocean values of Pr extend from 4 in polar regions up to 13 in the tropics. Therefore,
the Boussinesq results motivated calculations over the same parameter range with a sea-
water equation of state. Since the salinity-temperature dependent density relation for sea
water is nonlinear, it was anticipated that time-dependent flows might be more prevalent.
The calculations advance the vorticity equation in time based on values of Ra and Raf of
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Figure 2. Evolution of the maximum absolute value of streamfunction |{max| (black, solid), T at the
centre of the bottom multiplied by 10 (red, heavy) and S at the centre of the bottom multiplied by 100
(green, dots) for Boussinesq fluid with Pr = 1andL/D = 2.Values of Raf are substituted for time because
Raf is increased by fixed steps sequentially. (a) Ra = 10%, Raf starts at 0 and increases in steps of 5000 up
t0 1.5 x 10°.(b) Ra = 3 x 10* with the same Raf sequence upto 3 x 10°.(c) Ra = 10° with Raf starting
at 0 and increasing in steps of 10° up to 3 x 10° (colour online).
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Figure 3. Value of streamfunction for convection at Ra = 10°, L/D = 8. This is not a time sequence
like figure 2. Each point represents the maximum or minimum for a long run over numerous cycles. The
regions with time-dependent flow are shaded. Results are for Boussinesq equations on the left and for
seawater polynomial coefficients on the right with (a,e) Pr = 1 (b,f) Pr = 2(c,g) Pr = 3,(d, h) Pr = 4.

seawater at every grid point. The seawater equation of state is centred around the average
ocean temperature of 5°C and a salinity of 35 salinity units. The results are presented in the
right column of figure 3 for the same parameters as the left. The ranges of oscillations are
clearly greater. Since oscillations occur even at Pr = 4, another group of calculations has
values of Pr increasing from 1 up to 128 (figure 4). The oscillations in all cases introduce

80 T T T T T T

60 B

40 - -

']

max

Figure 4. A run showing oscillations in streamfunction strength at different values of Pr at Ra = 10°,
Raf = 3 x 10°,1/D = 8. Atthe times t = 2,2.4, 2.8, 3.2 and 4.0, Pr takes the values 16, 22, 32, 64, and
128.Then, att = 4.4, Raf is changed to 2.5 x 10° and after about one time unit a spontaneous growing
oscillation becomes large enough to see.
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the possibility that oscillations with the seawater equation of state might even occur in the
limit of Stokes flow (Pr = 00). Our numerical procedures cannot be altered for this limit,
so the question of whether oscillations occur for a nonlinear density relation like seawater
for Stokes flow in this container with Dirichlet/Newmann driving remains unresolved.

The time-dependent flows found here only occur in flows driven by a sinking salty
plume. Flow speed increases and decreases as the sinking salty plume migrates back and
forth a short distance from the warm salty end. The cycle is periodic. An oscillation in sea-
water with Ra and Raf close to the transition values to steady flow at Pr = 10 is shown in
figure 5. The oscillation typically has a burst cycle with faster flow that deposits a plume
of warm salty water along the bottom separated from a period of relatively constant flow
speed with sinking that is not concentrated at the warm end. After the burst, a salty gravity
current travels along the bottom.

| \lea W

Figure 5. Vertical sections with contours of || (black, solid), T (red, heavy) and S (black, dashed) during
an oscillation with seawater properties. Ra = 10°, Raf = 3.5 x 10°, Pr = 10, L/D = 8 (colour online).



330 J. A. WHITEHEAD

O

=

e\

@

26 27 28 29

Figure 6. Columns (1-5) show a sequence during an oscillation cycle with Ra = 10°, Raf = 2.5 x 10°,
L/D = 8, and Pr = 1. Labelled dots in (f) give the time of each column (the interval is not exactly uni-
form). Rows: (a) Vertical sections showing contours of || for counterclockwise circulation, (black, solid),
| |clockwise circulation, (black, dashed), T (red, heavy) and S (blue, solid). Vertical axis stretched by
approximately 2 so the details are more clearly viewed. (b) Distribution of T at depth of 0.1875 under
the surface (red, solid) and along the bottom (red, dashed). (c) Distribution of S at the surface (blue,
solid) and along the bottom (blue, dashed). (d) Distribution of vertical velocity W at middle depth. The
panels all have the same scale. (e) Distribution of vertical velocity at middle depth with the scale of each
panel normalised to the greatest value to show the slower flow. (f) Time sequence during many cycles
of || max (black), T at the middle of the bottom (red), and § at the middle of the bottom (blue) (colour
online).

The large amplitude version of the oscillation with seawater at Ra = 10°, Raf = 2.5 x
10%, and Pr = 1 is a bit more complicated (figure 6). The flow speeds up and slows down
as a plume of salty water alternately forms about 1/3 of the way from the warm end and
then vanishes. The columns show time sequences of a variety of features. In column 1, the
fast flow begins when a density inversion forms over the salty end and initiates a small
surface gyre. The surface convergence makes a plateau of warm salty water that is sepa-
rated from the stratified water by a distinct lateral jump in T and S surrounded by two
counter-rotating gyres. During this period, the positive destabilising salt flux is not coun-
terbalanced by a stabilising heat flux because the water in the warm pool under the surface
at the right is already warm. The salty plume descends to the bottom in column 2 in a burst
of negative vertical velocity. Then, salty warm water spreads to the left along the bottom
(column 3). The bottom salty plume moves large lateral distances. A period follows with a
weak sinking thermal plume that forms and then vanishes at the cold end (columns 4, 5).
It is episodic and slightly irregular rather than periodic (figure 6(f)). For such low Pr, the
spreading plumes appear to the eye to be laterally spreading bores along the bottom, but
the structures have not always been visible and their detailed form and the parameters for
which they are most pronounced is incomplete. A similar flow has been seen for Ra up
to 2 x 10 and Raf = 10° but for only one cycle because of the long time required for the
computation.
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3.1. Steady flows in short containers

The aspect ratio L/D = 2 is wide enough to allow at least two convection cells lying side by
side but narrow enough to exclude numerous cells along the container. Numerical runs at
fixed Ra and with many differences in Raf are all conducted for Pr = 1 and oo until reach-
ing either steady amplitude or the constant amplitude oscillations in the previous section.
With Pr = oo the flows exhibit steady flows and the anticipated hysteresis and abrupt tran-
sitions for large Ra and Raf. Figure 7 shows values of T'and S, at the middle of the container
bottom along with maximum value of the streamfunction |/ma.x| over wide ranges of Raf
for the three values Ra = 10%, 3 x 10* and 10°. The two flow modes are the same as those
in Stommel’s box model (1961), with either a T-mode with sinking at the cold freshwater
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Figure 7. The maximum absolute values of streamfunction |¥max| (black, heavy), values of T at the cen-
tre of the bottom (red, thin) and values of salinity S at the centre of the bottom (green, dotted) as a
function of Raf for Pr = oo, L/D = 2 and (a) Ra = 10%, (b) Ra = 3 x 10% and (c) Ra = 10°. T-mode is
to the left and S-mode to the right. To avoid having the curves for |ymax|, T and S overlap, values are
multiplied or offset as follows: (a), T has 0.5 subtracted and the result is multiplied by 20; S is multiplied
by 200. (b), T is multiplied by 2; S is multiplied by 50. In (c) the T and S curves are omitted to give a closer
view of |Y/max|. The ranges of oscillation amplitudes near transitions are shown by the vertical curves.
Insets in (b) and (c) show details of the amplitudes in the ranges where oscillations occur near transition.
This is not a time sequence like figure 2. The oscillation curves give the maximum or minimum for a long
run over numerous cycles (colour online).
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end or an S-mode with sinking at the warm saltwater end. In addition, there are abrupt
transitions accompanied by hysteresis between the two modes as found in the box model.
A new feature absent in the box model is an oscillating flow that occurs near transition
at the two larger values Ra = 3 x 10% and 10°. These oscillations are indicated by vertical
lines near the transition tips in the lower two panels of figure 7. Some oscillations are sim-
ple harmonic oscillations of the amplitude, but others are more complicated, for example
at Ra = 10, the oscillation develops many frequencies close to transition. At values of Raf
closest to transition (figure 8(a)), bursts of oscillations occur. All oscillations are the result
of two cells with opposing circulation both becoming activated near transition.

The steady flow has one cell with either a cold sinking plume of concentrated flow at the
cold end or a warm salty plume of concentrated flow at the warm end. The resolution does
not seem to be an issue since no qualitative dependence on grid size has been found. Runs
with twice the resolution (64 x 128) exhibit the same flow patterns and the same prop-
erties of abrupt changes, hysteresis and oscillations near transition as the example with a
32 x 64 grid shown in figure 7. Naturally, the exact quantitative values of Ra and Raf for
transition depend on resolution. For example, as Raf is slowly increased in a 32 x 64 con-
tainer, the transition in figure 7(b) from the T-mode to the S-mode is at Raf = 90245 £ 5.
The value at transition in a 64 x 128 container is approximately 0.4% higher at 90610 £5.
Many more comparisons like this indicate that the results shown in the various figures can
be considered to be correct to within 1%.

3.2. Steady flows in long containers

The flows in section 3 were composed of one cell with the superposition of two lateral cells
during transient situations. A longer container allows a greater range of wavelengths in the
lateral direction so that more complex flows might arise. This is true even in the limit of
Ra = Raf = 0 in containers with the relatively large length L/D = 16, where two modes
occur. They have a different number of cells. Their properties arise from the density fields
shown in figure 9. There are four noteworthy features in the temperature and concentration
fields. First the lateral profile of temperature at top and bottom has a different shape than the
salinity shape; second, top and bottom T and S profiles almost perfectly follow each other;
third, end effects to the S field are much smaller than end effects in T; and fourth, the width
of the region with end effects is much longer for S than for T. The latter two features are not
completely intuitive since T and S have the same diffusivity. The differences are due only
to the two different types of boundary conditions. The larger width for S presumably arises
from the Neumann boundary condition because S diffuses up and down near each end but
then it must diffuse over large lateral distances to the other end where it is removed. This
does not hold for T. The Dirichlet boundary condition for T permits a distribution that
simply mimics the profile along the top except for small corrections in the lateral direction
from the side boundary condition. The time for diffusive adjustment of T and S is also
different because S diffuses over large lateral distances.

Tiny motion at small values of Ra and Raf is driven by the T and S distributions shown
in figure 9. In that limit, the flow advection has a negligible influence upon the T and S
distributions. Because of the differences in T and S distribution shown in figure 9, two
flows are possible depending on the relative sizes of Ra and Raf. Figure 10 illustrates flow
at Ra = 1000, and LRaf/D = 160 where the flow is dominated by T. (To quantitatively take
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Figure 8. Maximum absolute value of streamfunction |{max| Over time showing burst cycles for Pr =
00, L/D = 2 and Ra = 3 x 10% and Raf = 6 x 10°. These bursts occur when the convection is in
the S-mode. (a) The transition of amplitude to the T-mode occurs after an adjustment down from to
Raf = 59,100 is made att = 3955. (b) In another experiment, | ¥max| shows many cycles during a burst.
(c-k) Elevation views of |1 | contours (solid), T (red) and S (dashed) over the course of one cycle enclosed
by the small circles on the left in (b). Time between panels is 0.025-time units. (I) Elevation view || con-
tours (black, solid), T (red, heavy) and S (black, dashed) for the relatively steady S-mode after the burst
cycle has decayed away at the time indicated by the large circle in (b) (colour online).
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Figure 9. (a) The lateral distribution of T (red) and 10S (blue) at top (solid) and bottom (dashed) for
Pr = 00, L/D = 16,Ra = Raf = 0. (b) Vertical section with contours of T (red, heavy, every 0.05) and S
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Figure 10. Laterally compressed (by 4) elevation views of contours of || (black, solid), T (red, heavy)
and S (black, dashed) for Ra = 1000 and Raf = 10, with L/D = 16 so that LRaf/D = 160. (a) Pr = oo,
(b) Pr = 1 (colour online).

account of the fact that the flux of S accumulates over larger lengths for larger L/D, and that
the flux from source to sink must diffuse laterally over larger distances, a better measure of
the effect of the salt flux for large length is LRaf/D). The flow descends at the cold left end
and rises at the warm right end. There is an enhanced closed circulation cell near each end
because of the zero lateral flux required by diffusion of the temperature field at the sides.
The flows for Pr = oo and 1 are almost identical.

The slow-motion dominated by salinity flux is considerably different. Figure 11 illus-
trates the flow at the same value with the larger value LRaf/D = 800. Convection is
dominated by S and it has three cells. The flow shown has Pr = oo, but the flow for Pr = 1
(not shown) is almost identical. History of flow development with isothermal and constant
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Figure 11. (a) Laterally compressed (by 4) elevation view of contours of || (black, solid), T (red, heavy)
and S (black, dashed) for Ra = 1000, Raf = 50, L/D = 16 so that LRaf/D = 800, and Pr = oco. This is
shown at t = 120, but subsequent changes are indistinguishable from this. (b) Evolution with time of
| |max (black), and bottom midpoints for T (red) and S (blue) (colour online).

salinity initial conditions is also different. Figure 11(b) shows evolution after the run com-
mences from exactly zero flow, zero S, and T = 0.5. A measure of speed |1/ |max is plotted
with time along with values of T and S at a point located exactly at the centre of the bot-
tom. Initially, circulation grows driven by T conducting down into the container. Since S
has to diffuse laterally greater distances to enter and leave the container, the field of S and
the resulting buoyancy force increases more slowly. This results in the speed decreasing to
aminimum at ¢ = 74 and thereafter increasing as the S-dominated flow strengthens.

Therefore, even in the limit of very small amplitude, the two distinct T-mode and S-
mode exist. When slowly changing Ra or Raf the transition between the two modes is
not abrupt and there is no hysteresis. One of these two modes is always present in the
numerous runs for small Ra as Raf is varied for Pr = oo and for L/D = 4, 8, 16, and 32.
Abrupt transitions occur above a certain value of Ra as Raf is slowly varied, but exact values
have not been determined. At L/D = 8, the abrupt transition emerges above approximately
Ra = 3600. Transitions are fully abrupt and accompanied by hysteresis at three much
larger values Ra = 10%, 3 x 10* and Ra = 5 x 10° (figure 12), where the most extensive
exploration of parameter space was conducted.

Therefore, flow is characterised by significant hysteresis and multiple equilibria. In con-
trast to results with L/D = 2, for Pr = oo self-sustained oscillations are not found with
Boussinesq fluid. However, in such cases when the value of Raf is close to the transition
from an S-mode to T-mode and suddenly changed, even by a small amount, a decaying
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Figure 12. Amplitudes versus Raf for L/D = 8 (results are similar for L/D = 16 and 32). (a) Values of
| |max for Pr = 1 (dashed curves), Pr = oo (solid curves) at Ra = 3 x 10%, for the T-mode (red) and S-
mode (green). (b) Ra = 5 x 10°,L/D = 8, Pr = oco. Values of | |max (black solid), T at the middle of the
bottom (red, heavy), S at the middle of the bottom (green dashed) (colour Inline).

oscillation is found. This occurs for a wide range of values of Ra in a large number of runs,
but coverage of parameter space with this occurring is not thoroughly mapped out. Typical
examples of this oscillation are shown in figure 13, where the flow starts in the S-mode and
Raf is decreased by steps of 100 down toward the transition value to the T-mode that occurs
at Raf = 9200. The figure shows that when there is no additional change in Raf for two
additional time units (point a in figure 13(b)), a steady flow (figure 13(a)) has developed.
This flow pattern possesses a small T-driven counter cell at the cold end. All 11 additional
downward steps in figure 13(b) have decaying oscillations, but each individual packet has
slightly greater initial size as the transition value is approached. The sequence of panels for
the growing oscillation (figure 13(c-g), with time shown in figure 13(i) shows that the oscil-
lating flow develops small cells at each end that alternately strengthen and weaken. Then
at t = 193.55, Raf = 9200 the transition to a T-mode occurs when a growing oscillation
leads to instability (figure 13(h,j)). The amplitude becomes greater as the final transition
to the T-mode occurs (figure 13(h)). The new cell with a much faster circulation that as
sluggish in figure 13(g) grows from the cold end and spreads throughout the tank.

The transition from a T-mode to the S-mode also begins at the cold end but it does not
oscillate. The cold thermal boundary layer migrates away from the cold end leading to a
new cell that gradually grows and finally occupies the entire tank as an S mode (figure 14).
The flow has a different structure in the T and S modes after they emerge from a transition.
The T-mode (figure 13(g)) emerges with a warm boundary layer under the warm end with
a relatively small lateral variation of T and S along the bottom. It has a similar structure
before breaking down to an S-mode (figure 14(a)). The S-mode has a variation of T and S
along the bottom with amplitude similar to the vertical amplitude in the boundary layer.
This is true before transition to a T-mode (figure 13(a)) as well as after emerging from
transition from a T-mode (figure 14(d)). In summary, both abrupt transitions start with
flow reversal at the T end. The detailed reason for this is unknown.

For Ra and Raf > 10°, both modes have boundary layers at the top that lie above
deeper fluid with almost constant T and S like the present ocean. In some of the
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Figure 13. Transition from S-mode to T-mode for Ra = 30,000, L/D = 8, Pr = o0. (a) A vertical section
at Raf = 10,300 with contours of || (black, solid), T (red, heavy) and S (black, dashed). (b) Time evolu-
tion of || max Starting at t = 169.4 when Raf = 11,600 for 13 successive decreases in Raf by steps of
100 for one time unit each. The decrease is stopped for 2 time units at Raf = 10,300 ending in section (a).
(c)—(h) Vertical sections at Raf = 9200 at the times shown in (i) (stretched axis) and (j) when a growing
oscillation ending in transition to a T-mode occurs (colour online).

runs near a transition from one mode to the other, the deep regions tend to develop
lateral changes along the bottom. The convection in figure 14(d) has a classic lat-
eral convection-vertical diffusion balance that penetrates from top to bottom similar to
estuary flow profiles by (e.g. Hansen and Rattray 1965). Although these offer promise
as predictors for ocean transition, a systematic documentation near transition is not
completed.

A notable feature is the presence of a small circular eddy near the sinking region for
steady flow (figure 15). It occurs for both T-mode and S-mode flow, and it exists for values
of Ra and Raf > 10°. What drives this eddy? It appears to be a consequence of the fact
that the sinking plume spreads out over the bottom making the fluid at the bottom flowing
away from the plume to be stably stratified. This produces an upward restoring force away
from the immediate region of sinking that leads to localised upwelling above the base of
the spreading fluid.
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Figure 14. Transition from T-mode to S-mode at Ra = 30,000, L/D = 8, Pr = oco. At t = 9.5, Raf was
changed from 36,100 to 36,200. The upper panels in each pair are side views with contours of || (black,
solid), T (red, heavy) and S (black, dashed). The lower panels of (a)-(c) show a record of || max. The lower
panel in (d) adds records of T at the middle of the bottom multiplied by 10 and S at the middle of the
bottom multiplied by 100 (colour online).

X

Figure 15. A vertical section with contours of || (black, solid), T (red, heavy) and S (black, dashed).
Flow with circular circulation near the sinking end for L/D = 8, Pr = oc. (a) Pure T-mode, Ra = 500,000,
Raf = 0.(b) Ra = Raf = 500,000, and (c) Pure S-mode, Ra = 0, Raf = 500,000 (colour online).

4. Conclusions

This convection, with a geometry of deep ocean overturning circulation, has two modes.
It possesses some ranges of parameter space with hysteresis between the T-mode and the
S-mode as in the Stommel box model, notably for Pr = co. Other ranges have oscilla-
tions, for example with Boussinesq fluid at Ra = 10° and Pr < 4, which is the parameter
space that is covered most extensively with time-dependent flow. Another broad range of
oscillations occurs with seawater, at the two values Ra = 10° and 3 x 10° for Pr = 1 up to
Pr = 128. The oscillations occur spontaneously or can be triggered after a sudden change
of a driving parameter such as Ra or Raf for parameters outside the range with spontaneous
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oscillations. The oscillation consists of a strengthening and weakening of the overturning
cell with significant sinking in the salty end as in the S-mode.

What does the cycle time of the oscillations imply for the ocean? The time scale of d/k
in the ocean has a value of about 3000 years using a depth of 3 km and the value for turbu-
lent kappa of 10~#m? s 1. The oscillation in figure 6 has about four cycles during one-time
scale and this corresponds to 750 years, with the fastest cycle of about 200 years for the
cycles in figures 4 and 5. Therefore, this model recovers cycles that are close to millennial
in the period. There is no sign of decadal cycles, although some of the oscillations near
transition might be faster. The oscillations that occur only in small ranges near transition
as in figure 7 are very hard to obtain and hold because of the narrow range of parameters
for their existence. During the cycle, one or more cells might exist during part of a cycle.
The closest agreement for all of the cycling flows to previous work are the oscillations in a
convectively modified two box model (Colin de Verdiére 2007), where Stommel’s oscilla-
tory S-fixed point generates an oscillation that is amplified by E-P. We have not analysed
the nature of our bifurcations to the extent of testing whether the modes are infinite period
as predicted there, because that would require a focused study.

However, the present results do not agree with the oscillations in the box model of Colin
de Verdiére, Jelloul, and Sévellec (2006). In that 3 x 2 model, the oscillation consists of two
modes, one is a heat transfer mode with direct flow from the polar box to the tropical box
(T-T), the other mode has sinking in both ends with rising in the mid-latitude box (S-T)
that short-circuits the global heat flow. The third mode, sinking in the tropics (the $-S)
does not partake in the oscillation. Instead, the present results resemble an interaction of
the S-S mode and the S-T mode. It was emphasised that assorted distributions of E-P (the
equivalent of salt flux in our problem) would be more or less prone to oscillate. We have
not investigated a variety of surface distributions for comparison with such results. Our
oscillations also have differences from the cycles seen for ocean model flows. Since ocean
models are much more complex than the convection studied here, they contain additional
factors such as rotational constraints, wind stress, geometric complexity of the actual ocean
basins, and ice dynamics (Winton and Sarachik 1993, Paul and Schultz 2002, Arzel et al.
2006). Most have vigorous T-mode oscillations, but the present oscillations seem to be
more like S-mode oscillations than T-modes. In fact, there are no signs of speeding up
and slowing down of T-mode oscillations in the present results even though Winton and
Sarachik (1993) present a simple thermohaline loop model that illustrates oscillations in
the T-mode that could conceivably apply generally. In addition, Arzel et al. (2006) also
find oscillations in an ocean model with both heat flux and E-P top boundary condi-
tions, so T-S oscillations occur in ocean model convection without Dirichlet-Neumann
forcing too.

Of course, oscillating convection occurs in a number of convection problems in engi-
neering. For example, growing oscillatory instability is found in Dirichlet/Newmann
driving within tilted slots (Tsitverblit 2007). Those oscillations are easily understood as the
interplay of convection cells and a larger scale overturning motion as they grow together.
However, finite amplitude oscillations are unexplored for this geometry. It is thought that
the growing oscillations eventually saturate to steady circulation at finite amplitude.

This model clearly lacks many aspects that control the dynamics of ocean circulation
such as topography, rotation dynamics, planetary shape, and localised mixing, as discussed
for example by Rossby (1998). Even our simplification is not quantitatively in the ocean
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domain. Our model has an aspect ratio up to 32, and Ra up to 2 x 10° while the ocean has
an aspect ratio of 10%, and Ra is 10'®. Other models of this type have achieved Ra up to 10°
but with similar small aspect ratios (Wang and Hwang 2005). Probably because of these
factors, earlier studies with the present geometry and dynamics (Beardsley and Festa 1972,
Rossby 1998, Hughes and Griffiths 2008) did not attempt to make a direct comparison of
model results with the ocean as has been done here for the cycle time. It is not possible to
mathematically show what happens in calculations with ocean aspect ratios of 10%, but one
expects that no new dynamics is introduced to this viscous model.

In addition, it must be mentioned that our oscillation does not resemble the oscillation
in the laboratory experiments (Whitehead et al. 2005). The laboratory oscillation has a
cycle starting with a freshwater layer cooled from above that is fully mixed internally but
with an interface being mixed with deeper salty warmer water. The chamber is connected
to an external chamber with a surface layer of fresh water lying above salt water at a con-
stant temperature. The connection is through three tubes. The layer gradually deepens and
becomes saltier after the layer reaches the middle tube where the flow that was initially out
of the chamber reverses to become an inflow. Eventually, the layer mixes away and then it
is replaced by the formation of a new freshwater layer as water flows in through the top
tube. The laboratory cycle is similar to Welander’s (1982) model of a layer cooled from
above subjected to a freshwater flux but not very similar to the cycles in this or the other
numerical models.

A sinking plume with turbulence present, presumably driven by turbulent shear insta-
bility has been seen in many numerical and laboratory experiments. The numerical runs
here don’t seem to be in a range with large enough Reynolds number Re for shear insta-
bility. Figure 3 can be used to estimate the size of Re. If Re > 10°, the sinking plume can
be expected to become turbulent and generate time-dependent flow. Scaling indicates that
for Pr = 1, Re = N|v | max/P where P is the number of grid points from the point of the
maximum (the centre of the circular eddy) to the wall and N the number of vertical grid
points. In the case of figure 3 the fastest flow with Pr = 1 oscillates with || max = 40, and
this was at grid point P = 21, with one length scale of N = 64 grid points, so Re = 127.
Flows have been calculated up to Ra = 2 x 10° with smaller lengths using both 128 x 257
and 256 x 512 grids and the greatest value uses the shear next to the left-hand wall. The
largest value of Peclet number Pe is found in the T-mode of the flow in figure 15 and it is
Pe = 960. Thus, little prospect exists here of obtaining the effects of very large Ra (Paparella
and Young 2002 Winters and Young 2009), and observing turbulence from plumes at large
Re along with the implications thereof as reported by Mullarney et al. (2004), Siggers et al.
(2004), Hughes and Griffiths (2006, 2008), Hughes et al. (2007), Scotti and White (2011),
Gayen et al. (2013), Griffiths et al. (2013), Hughes et al. (2013), and Passaggia et al. (2017).

Clearly, there is a long way to go before thermohaline ocean oscillations are thoroughly
understood. The present results along with laboratory observations of oscillating T/S and
the oscillations in binary convection make it clear that T/S oscillations can occur in real
physical fluids. Therefore, so far, they continue to be a potential candidate for oscillations
in the Holocene (Paul and Schultz 2002). Whether they exist in the ocean at present or in
the past, or whether they might occasionally occur in some T/S estuary system has not be
verified by direct observation in the ocean. The oceans of the world remain greatly under-
sampled in spite of enormous progress in specialised areas. Notwithstanding, this contri-
bution can be added to the list of increasingly strong arguments for continuing the studies
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of the apparently simple but surprisingly fruitful consequences of Dirichlet/Neumann T-S
forcing.
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Appendix 1. The equations and their integration

The container is numerically represented as a rectangular grid. Initially ¥, T, and S are zero in the
grid points except that along the top row, temperature linearly changes from 0 at the left end to 1 at
the right and salt flux linearly changes from —0.5 at the left to 0.5 at the right end. Since values of S are
the result of flux boundary conditions, the drift in the mean value of salinity S within the container is
zero, but numerically the mean remains zero only to the level of precision of the flux conditions. To
ensure that the drift in the mean value is as small as possible, an external line of grid points is added
outside each line of boundary grid points. This physically corresponds to a thin layer of stagnant
material with the diffusivity of water around the container. In this layer, the desired value of S flux
in or out of the container is imposed by pure diffusion. This produces precision to the salt budget
at the numerical truncation order of 10717, Quality checks in numerous calculations verified that
the average value of S randomly fluctuates about a value of O(1071¢) for all calculations presented in
this paper for even thousands of diffusive times since the salt flux in balances the salt flux out at the
top. This method of diffusively imposing flux at the boundaries with the extra layer is superior by
approximately 10 orders of magnitude to using one-sided difference equations to calculate the total
flux of salinity around the boundaries. Heat flow through the sides and bottom is also much more
accurately preserved using this method.

To advance in time, equations (1) and (2) for temperature, and salinity distributions are stepped
forward using a leapfrog-trapezoidal scheme for each time stepdt. Lateral flux of heat and salinity are
set to zero through the two sides and through the bottom. The equation at each time step depends
on whether Pr is finite or infinite. If Pr is finite, the vorticity calculation (3) is stepped ahead in time.
For infinite Pr, no time step is needed and instead a standard Poisson equation solver is used for (3).
In both cases, (4) for streamfunction is solved using the same Poisson solver. In all cases, free slip
(zero vorticity) and zero streamfunction is set on all four sides. The time step is repeated numerous
times to find the evolution of the temperature, salinity and velocity fields.

Naturally, smaller grid sizes and time steps improve the precision of the results. In these cal-
culations, no dependence has been found between the qualitative results shown here and results
with smaller grid sizes, although clearly the quantitative values converge with finer grid size to
an asymptotic value. This was also true in previous calculations with the same numerical scheme
(Whitehead et al. 2013, Whitehead 2017). For a quantitative example, at Ra = 10° the vorticity in a
square 64 x 64 grid has the same pattern but a maximum value that is ~ 1.8% higher than vorticity
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on a 128 grid at the same instant, and that value is ~ 0.6% higher than a 256 grid (Whitehead et al.
2013). The precision of the test results is very close to the precision in Rossby’s results (1998). Such
results can be anticipated to only occur in the absence of shear instability. If internal speeds are large
enough for Reynolds number Re based on the speed to attain a size of 100 or more, shear instability
will occur and the fluctuations will be more energetic with finer resolution. The present calculations
are not conducted with large enough Re for this to be true.



