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ABSTRACT
A theory for the abyssal stratiﬁcation and circulation is derived from the principle of maximal production of information
entropy used in non-equilibrium statistical dynamics. For an abyssal ocean of simple geometry and simple, though
plausible, parameterization of the vertical diffusivity, stratiﬁcation proﬁles together with their associated circulation are
√
obtained. These proﬁles are characterized by an abyssal thermocline thickness scaling as κv H /ws0 , where w s0 is the
upwelling velocity at the top of an abyssal ocean of depth H, and κ v is its vertical diffusivity. Remarkably, the associated
circulation is barotropic and coincides with the classical theory of the abyssal circulation by Stommel and Arons.

1. Introduction
Stommel and Arons (1960a, b) laid down the foundation for
the classical theory of abyssal circulation; they used a homogeneous single-layer model to represent the abyssal ocean below
the main thermocline. By assuming a uniform upwelling at the
top of the abyssal ocean with a ﬂat bottom, they deduced an
abyssal circulation that includes a poleward interior ﬂow and a
strong western boundary current. Although the existence of deep
western boundary currents has been conﬁrmed by observations
of oceans across the world, other aspects of the model assumptions and their dynamical consequences are questionable, and
much effort has been devoted to enhance the theory of abyssal
circulation. For example, in their classical model the abyssal circulation is treated as a single moving layer. The baroclinic structure of the abyssal ﬂow was addressed successively by Pedlosky
(1992) and by Edwards and Pedlosky (1995) who used a linear
model to outline the role of the vertically distributed sources.
Another idealization used in the model by Stommel and Arons
(1960a, b) is that the upwelling velocity is horizontally uniform.
Huang (1993) relaxed this assumption in a study of a nonlinear
two-layer model where wind stress and buoyancy ﬂuxes were
both included. By coupling the wind-driven circulation with the
thermally forced circulation, the interfacial upwelling rate is obtained as part of the solution.
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One should note that, in these theories, the horizontally averaged stratiﬁcation of the ocean interior is assumed a priori,
and that the dynamic density is considered as perturbations to
this basic stratiﬁcation. Although these solutions provide interesting physical insight, an important question still remains: what
physical processes set up the basic stratiﬁcation?
By assuming a one-dimensional balance between upwelling
and diapycnal mixing together with constant diapycnal diffusivity, Munk (1966) obtained an exponential density proﬁle.
This approach was extended to a one-and-a-half-dimensional
model for the global ocean by Munk and Wunsch (1998):
these authors calculated the global average stratiﬁcation from
the Levitus climatology and speciﬁed the globally integrated
mass ﬂux from other observations; they made estimates of
the total mechanical energy required for sustaining the basic stratiﬁcation and the renewal of deep water in the world
oceans.
Understanding the maintenance of the stratiﬁcation remains a
great challenge to gain clear insight into the meridional circulation in the world oceans. In a pioneering paper, Sandström (1908)
argued that the ocean is not a heat engine, and emphasized the
need for an external source of mechanical energy to overcome
the friction and dissipation associated with the circulation. He
pointed out that in the case of a heating source placed at a pressure smaller than that of the cooling source, the system would be
unable to ﬁnd the mechanical energy required for sustaining the
circulation, and thus unable to close the circulation by allowing
an upwelling branch.
With a simple loop model, Huang (1999) illustrated the basic ideas associated with the Sandström theory. In addition,
he proposed to employ sources of mechanical energy as an
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external parameter in investigations of the meridional overturning circulation. By using both scaling and a simple oceanic
general circulation model, he showed that the circulation is determined by the distribution of a “mixing energy” associated
with a set of climatic conditions and resulting from all mixingproducing processes. The state of the art in the mechanical energy
balance for the world ocean circulation was recently discussed
by Wunsch and Ferrari (2004) and Huang (2004).
In this study, we will use a variational principle to examine the
connection between basic stratiﬁcation and energy-supporting
mixing. For a better understanding of the dynamical processes
sustaining the general circulation we will split the ocean into two
areas: the interior region and the convective one. The former
is the place where the cold and dense deep water transported
from the convective region is continuously pulled upward and
converted into warm and light water in the upper ocean. This
upwelling process is accomplished by diapycnal mixing through
internal waves and turbulence; the external source of mechanical
energy is simultaneously consumed and partly converted into the
gravitational potential energy of the mean state.
On the other hand, the convective region is the place where
deep water is formed; it thus initiates the renewal of water masses
in the ocean. In this region, gravitational potential energy is lost to
convective overturning. Although the mechanical energy of the
ocean mean ﬂow is also lost through friction (preliminary estimate for bottom drag yields 0.4 TW) and other dissipation mechanisms (1.1 TW are converted to eddy kinetic energy through
baroclinic instability), convective adjustment due to cooling at
high latitudes may be one of the most important sinks of mechanical energy in the global oceans: Huang and Wang (2003)
give an estimate of 0.24 TW based on the monthly mean climatology but the value could be 10 times larger if the diurnal cycle
is not ﬁltered (all the cited estimates can be found in Huang,
2004).
One should note that the total area occupied by the convective
region is much smaller than that of the interior region. Therefore,
the actual ﬂow of gravitational potential energy generated within
the interior region and consumed in the convective one ensues
from the speciﬁcation of the source of mixing energy liable to
generate gravitational potential energy in the ocean interior. The
convective region is then somewhat slaved to the ocean interior
since the characteristic adjustment timescale, deﬁned as the ratio between total accumulated energy and energy ﬂuxes, for the
interior region is much larger than that of the convective region.
Thus, in contrast to the classic school, which claims that the
ocean is driven by push due to the formation of deep water, this
study makes us suggest that the meridional overturning circulation is driven by pull created by the upwelling, and that the deep
water renewal is induced by diapycnal mixing in the oceanic
interior.
Our statement that the ocean is mainly pulled may sound controversial. However, we will propose a derivation where prescribing the abyssal gravitational potential energy together with
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some parameterization of mixing processes provides enough information to derive the abyssal circulation.
Our focus in this study is the relation between the stratiﬁcation in the ocean interior and the external sources of mechanical
energy. The convective region will be therefore treated as a component external to the interior region. Thus, the net source of deep
water will be treated as external; we will show that it is linked to
the prescribed global gravitational potential energy of the interior abyss, though its vertical distribution results from the interior
advective-diffusive mass balance. In addition, the missing discussion of the energetics in a closed basin will make us omit
the consumption of the gravitational potential energy through
convection. Moreover, it is worth noting that our approach applies to circulation driven by diapycnal mixing (AABW and
CDW circulations) where the isopycnals intersect the surface
unlike in the case of the North Atlantic deep water which
seem to be upwelled through Ekman suction in the Southern
Ocean.
The speciﬁc approach used here is a variational method based
on the principle of maximum entropy production. Even though
this principle has been extensively discussed, the formulation
by Jaynes (1979) has proven to be quite successful for applications associated with open non-equilibrium stationary states.
Progresses along this line have been splendidly reviewed by
Dewar (2003).
This paper is structured as follows: Section 2 is devoted to
the model formulation and includes a brief discussion of the
relevant balances that yield to the abyssal equations. The maximum production of entropy issued from the information theory
is applied to a simple model of the abyssal ocean in Section 3.
The application to the mean abyssal stratiﬁcation is discussed
in Section 4; in Section 4.1, a simple relation is assumed between the diapycnal mixing and stratiﬁcation to derive the mean
density proﬁles under the constraints of ﬁxed global energy and
mass. The discussion about the structure of the circulation associated with these solutions includes the horizontal circulation
(Section 4.3) and its energy budget (Section 4.4). Section 5 emphasizes the connections with previous results, and discusses the
natural extensions of this study.

2. Model formulations
2.1. Non-dimensional primitive equations
The model ocean is schematically depicted in Fig. 1. Our domain
of interest is the abyssal ocean below the main thermocline (at
z dim = 0) and above a ﬂat bottom (at z dim = −H );
The horizontal extension we retain for our ocean is the classical apex geometry depicted in Fig. 2.
The constant horizontal area at depth zdim is denoted by
dim dim
A (z ) = Adim , and the total volume by V dim . The abyssal
ocean receives water mass from the high latitudes depicted as
the convective region on the right side in Fig. 1.
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constraints:
 0
ρsdim dz dim = 0,
−1


Adim

ρ dim dAdim = 0.

(4)

Introducing two density scales:


ρs = ρsdim z dim =−1 − ρsdim z dim =0 ,

(5)

ρ  = max |ρ  dim |,

(6)

allows us to write the density ﬁeld in terms of the nondimensional stratiﬁcation and dynamical densities:
ρ dim = ρ0dim + ρs [ρs (z) + λρ  (x, y, z, t)]
Fig. 1. Sketch of the abyssal circulation.

where the non-dimensional parameter λ = ρ  /ρ s represents
the relative contribution due to the dynamical density ﬁeld ρ 
compared to the mean stratiﬁcation density ρ s . Let us also introduce the non-dimensional coordinates (x, y, z) = (x dim /R,
y dim /R, z dim /H ) where R is the earth’s radius used as a characteristic horizontal scale. The hydrostatic relation is split into two
components as

Pole
convective
region

θn
ocean
interior

φw

(7)

∂ ps
+ ρs = 0,
∂z

θ

(8)

where the non-dimensional dynamical pressure perturbation p
is deﬁned as
 z dim 

p dim − −H ρsdim gz dim −ρ0dim gz dim dz dim



p = pbt + pbc =
,
gρ  H
(9)

θs
φe

Fig. 2. Sketch of the horizontal extension of the model ocean. The
control volume is delimited by the parallels θ n and θ s , and the
meridians at longitudes φ e and φw , respectively.

The density is separated into three components:
ρ dim = ρ0dim + ρsdim (z dim ) + ρ  dim (x dim , y dim , z dim ),


∂ pbc
+ ρ  = 0,
∂z

(1)

where the ﬁrst term on the right-hand side is the global mean
density:
 dim dim
ρ dV
V
dim
,
(2)
ρ0 =
V dim
where the integral is carried over the total volume of the ocean;
the second term on the right-hand side of (1) is the mean stratiﬁcation deﬁned as
 dim dim
ρ dA
ρsdim (z) = A dim
− ρ0dim ,
(3)
A
where the integral is carried over the horizontal area at the depth
zdim . The last term on the right-hand side of (1) is the density perturbation. By deﬁnition, the mean stratiﬁcation density
and the density perturbation both satisfy the following integral

where the subscripts bt and bc denote the barotropic and baroclinic components, respectively, and gis the acceleration of
gravity.
Let us introduce the Burger number:
√ 
R2
gρsdim
gH
Bu = d2 , Rd =
= (N dim )2 H ,
, g =
L
2
ρ0dim
(10)
where R d is the Rossby radius of deformation, g is the reduced
gravity, and N dim is the buoyancy frequency. The Rossby number
is deﬁned as
Ro =

U
V
W
=
=
,
2 R
2 R
2 H

(11)

where U, V and W are the scales of the horizontal and vertical velocities, respectively, and denotes the earth’s rotation
rate. The scale of vertical and horizontal velocities is related
through the continuity equation; the time scale is 1/2 . Finally,
the non-dimensional diffusivities resulting from the density mixing processes are deﬁned as
κh =

κhdim
,
2 R2

κv =

κvdim
,
2 H2

(12)
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and the non-dimensional eddy viscosity is:
v dim
.
(13)
2 R2
The corresponding non-dimensional primitive equations are
then:
∂uh
λBu

+ Rou · ∇uh + sin θk × uh +
∇h ( pbc
+ pbt )
∂t
Ro
 2


R
∂
∂uh
(14a)
ν
= ∇h (ν∇h uh ) +
H
∂z
∂z
∂ p
∂ ps
(14b)
+ λ bc + ρs + λρ  = 0
∂z
∂z
v=

λ−1

∂ρs
∂ρ 
∂ρ 
∂ρs
+
+ Rou · ∇ρ  + Roλ−1 w
+ Row
∂t
∂t
∂z
∂z




∂
∂
∂ρ
∂ρ 
s
κv
+ ∇h (κh ∇h ρ  ) +
κv
= λ−1
∂z
∂z
∂z
∂z
(14c)

∇ ·u=0

(14d)

where ∇ and ∇ h indicate the three-dimensional and horizontal
gradient operators, u = (u, v, w) and u h = (u, v) are the nondimensionnal three-dimensional and horizontal velocity vectors,
respectively, and θ is the geographical latitude. One should note
that these equations need no convective adjustment parameterization because the convective region is not contained in the
control volume. In the following discussion, viscous processes
in the momentum equations will be omitted.

2.2. Energy budget
Since our model is based on the Boussinesq approximation, the
continuity equation is reduced to volume conservation, and thus
the internal and mechanical energies are decoupled. The mechanical energy regulates the motion. Furthermore, the kinetic energy
being much smaller than the gravitational potential energy, the
constraint on gravitational potential energy is the most relevant
quantity for our study. The non-dimensional total gravitational
potential energy expressed by

χ=
ρz dx dy dz,
(15)
V

can be separated into two components:

ρ0 dx dy dz,
χ0 =


V

χs =


ρs dx dy dz = A

V

(16)

0

−1

ρs z dz,

(17)

where χ 0 represents the inert part of the gravitational potential energy and χ s is called the stratiﬁed gravitational potential
energy, which is a convenient measure of the energetic impact
of stratiﬁcation of the abyssal ocean under the constraint of a
constant mass: any shift in the value of ρ 0 would change the
global potential energy, but without impacting the stratiﬁcation
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potential energy. Moreover, one should note that the integrated
gravitational potential energy related to the dynamical density
ρ  is zero by deﬁnition.
The equation governing the gravitational potential energy evolution reads
 0
∂χ
∂χs
ρzuh · n ds dz
=
= −Ro
∂t
∂t
−1 ∂ A(z)

∂
∂ρ
+
κv
+ ∇h (κh ∇h ρ) dx dy dz,
z
∂z
∂z
V

∂w
dx dy dz
+ Ro
p
∂z
V
z=0

(18)
w(ρ + ρz) dx dy
− Ro
A(z)

z=−1

where ∂A(z) denotes the horizontal boundary of the model ocean
at the depth z, ds is the curvilinear abscissa along this boundary,
and n is the unit vector normal to the surface boundary; the inner
integral in the ﬁrst term in the right-hand side of (18) has to be
taken along the horizontal periphery of the model at the depth
z. The ﬁrst term on the right-hand side is a sink of gravitational
energy when deep water is formed in the convective region. The
second term on the right-hand side of (18) is the source due to
mixing, and in the case of a horizontally homogeneous vertical
diffusivity it is reduced to

∂
∂
z
κv (ρs + λρ  ) dx dy dz
∂z
∂z


 0
∂
∂ρs
κv
dz
Az
=
∂z
∂z
−1
 0


(19)
A κv N 2 − κv N 2 |z=−1 dz,
=
−1

where N 2 is the non-dimensional buoyancy frequency deﬁned
as:
∂ρs
N 2 (z) = −
.
(20)
∂z
The term for the conversion of kinetic to potential energy is represented by both the third term on the right-hand side of (18) and
the ﬁrst term in the last surface integral; the latter describes the
pressure work at the horizontal surface. The last surface term is
the gravitational potential energy ﬂux at the horizontal interface.
The total kinetic energy:
 2
uh
Ro2
Ek =
dx dy dz,
(21)
Bu
V 2
satisﬁes the following evolution equation:

∂ Ek
Ro2 u2h
Ro2 u2h
=−
+ Ro · p u − ν
∇
· n dS
∂t
Bu 2
Bu 2
∂V

Ro2
− Ro · wρ − ν
|∇uh |2 dx dy dz
+
Bu
V
(22)
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where ∂Vand dS denote the surface delimiting the control volume
and the surface element with unit vector n, respectively.

2.3. Regime parameters
For basin scale ﬂows, we have the following typical values:
a = 6.4 × 106 m,
H = 4 × 103 m,

2

= 1.4 × 10−4 s−1 ,

ρ0  103 kg m−3 ,

κvdim  10−4 m2 s−1 ,

g = 9.81 m s−1

N dim  10−3 s−1 ,

wdim  10−7 m s−1 .
(23)

No value for the eddy viscosity is given since viscous dissipation is unimportant for this study and will always be neglected.
Observations (Ledwell et al., 1993) have indicated that, away
from rough topography, the diffusivity κvdim is on the order of
10−5 m2 s−1 ; however, we keep the relatively high value of basinmean κvdim compatible with mean stratiﬁcation as computed by
Munk and Wunsch (1998). The non-dimensional numbers are
thus
−5

Bu  10 ,

−7

Ro  10 ,

−7

κv  10

(24)

Geostrophy requires:
λBu
= O (1) , Ro  1,
(25)
Ro
where we assume that the Rossby number is a small parameter;
it, thus, allows us to perform a weakly nonlinear expansion of the
system. To separate the mean density proﬁle from the dynamical
density, the relative isopycnal displacement is further assumed
to be λ  1. This assumption implies that the horizontal ﬂuxes
of buoyancy are dominated by the horizontal advection of the
mean buoyancy.
The desire to solve the equation order by order and to simplify
the algebra makes us choose
Bu = O(ε) ,

λ = O(ε) ,

Ro = O(ε2 ),

(26)

where ε is a small parameter.
This scaling is reminiscent of large-scale quasi-geostrophic
theories reviewed in Pedlosky (1996) since it allows the
geostrophic balance at ﬁrst order.
Now, let us proceed to the scaling of diffusivity. By assuming
that the primary balance in the buoyancy equation lies between
vertical advection and vertical mixing, the buoyancy eq. (14c)
yields


∂ρs
−1 ∂ρs
−1 ∂
Roλ w
λ
κv
.
(27)
∂z
∂z
∂z
Since N 2 is of order one, horizontal averaging (27) leads to


w dxdy
d 

κv N 2 ,
(28)
Ro A
A
dz
and suggests Ro = O(κ v ). However, a careful examination of
(28) reveals that the vertical scale of the mean stratiﬁcation N 2
controls the intensity of the horizontally averaged upwelling for

a given vertical diffusivity. For example, if N 2 and κv are both
depth independent, this upwelling vanishes at ﬁrst order. The
latter situation was explored by Pedlosky (1996, p. 437) who
used the relation


d
dρ 
dρs
Roλ−1 w

κv
,
(29)
dz
dz
dz
which can be seen (considered) as the departure from the horizontal average (28). The associated baroclinic ﬂow can be calculated by using geostrophy. In addition, if we require that this
baroclinic ﬂow is comparable to a barotropic component a la
Stommel and Arons (1960a, b), we obtain the following nondimensional balance
Bu
 70  O (1) .
κv

(30)

Thus, it is then natural to assume:
κv = εκ(z),

(31)

where κ(z) is a non-dimensional vertical diffusivity proﬁle of
order one.
As discussed below, the main vertical stratiﬁcation is controlled by the ﬂuxes at the base of the thermocline and lateral
sources. It is worth recalling that the diffusive density ﬂuxes
associated with the mean stratiﬁcation are not a priori larger
than the one associated with the perturbation. For example, let
us consider a stable linear density proﬁle with constant buoyancy frequency; for a constant vertical diffusivity, the associated
buoyancy ﬂux is constant, so the diapycnal velocity is zero. This,
however, does not mean that the dynamical (horizontally varying) isopycnal displacements are large. We can thus assume that
the two components of the density ﬁeld induce diapycnal velocity of presumably comparable magnitude and retain the scaling
(31). One should keep in mind that, here, the Rossby number
Ro is not a direct measure of the intensity of the horizontally
averaged upwelling because it can be reduced to zero according to (28); but it is a scaling of its departure from horizontal
homogeneity.
Scaling (26, 30, 31) does not exactly match the values (24),
but allows us to recover the simplicity of the derivation of Edwards and Pedlosky (1995) though the horizontal advection of
buoyancy is neglected in their study. To sum up, our scaling
represents a compromise between the actual values of nondimensional parameters and simple balances; moreover, though
it neglects isopycnal eddy motions and focuses on vertical diapycnal mixing, it is simple enough for a tractable asymptotic
expansion.

2.4. Abyssal equations
At the ﬁrst order in ε, the steady state of the system (14) veriﬁes
−

sin 2θ
λBu ∂ p
v+
= 0,
2
Ro ∂φ

(32a)
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sin θ u +

λBu ∂ p
= 0,
Ro ∂θ

∂p
+ ρ = 0,
∂z

(32b)
(32c)

∂w
= 0,
(32d)
∂z
where φ is the longitude.
The barotropic component is obtained by integrating (32d):
 0
vbt =
v dz = tan θ [ws0 + we (φ, θ )],
(33)
−(tan θ)−1 v +

−1

where the vertical velocity at the top of the abyss is separated
into two components: a horizontal mean w s0 = w s | z=0 and an
“Ekman pumping” w e , which has a zero horizontal mean by
deﬁnition. In addition, to derive (34) we assume a vanishing of
vertical velocity at the bottom. The “Ekman pumping” can be
replaced by the vertical velocity at the base of the main thermocline, if the ocean control volume is deﬁned as being below the
main thermocline.
The mean upwelling velocity is deﬁned as the basin-horizontal
average:


H
Ro
ws (z) = dim dim
w dim dx dy =
wdxdy.
(34)
κv A
εA
A
A
Horizontally averaging (27) yields to




 
 dρs 
d
d
dρs
dρs −1
 .
=κ
κ
ln κ
ws =
dz
dz
dz
dz
dz 

∂ A(z)

u · n ds,

tionary states of open, non-equilibrium systems. The analysis
developed hereafter follows, step by step, his approach. For the
case discussed here, the primitive eq. (14) are expressed as the
following conservation laws:
a) The energy conservation:
∂e
= −∇ · fe + qe ,
∂t

(38a)

where:
Ro2 u2h
+ ρz,
Bu 2


Ro3 u2h
+ Ro ρz u
fe = Ro p +
Bu 2


2
Ro u2h
∂ρ
∇
− κv z k,
−ν
Bu 2
∂z

e=

qe = −ν

∂ρ
Ro2
|∇uh |2 − κv ,
Bu
∂z

(38b)

(38c)
(38d)

b) The buoyancy conservation:
∂ρ
= −∇ · fρ ,
∂t

(39a)

where:
(35)

The volume conservation (incompressibility) leads to an integral
constraint between the lateral sources (Fig. 1):
S(z) =

397

(36)

fρ = ρu − κv

∂ρ
k,
∂z

(39b)

where k is the vertical unit vector.
A major difference with Dewar (2003) is that we consider a
globally constrained, stationary system instead of a stationary
system with a locally prescribed initial state.

and to the horizontally averaged upwelling:
S(z)
dws
=
.
dz
A

3.2. Notations and goal
(37)

3. Principle of maximum entropy production
Determining the mean stratiﬁcation involves ﬁnding not only
ρ s (z), but also w s (z), κ(z) and the distribution of lateral sources
S(z) because these variables are all dynamically linked. Therefore, in addition to eqs. (35) and (37), we need two more equations. A parameterization of diffusivity as a function of the ﬂow
properties (Section 4.1), essentially stratiﬁcation, provides one
equation; the one still missing can be obtained from a variational principle on condition the mean stratiﬁcation maximizes
the entropy production rate.

3.1. Conservation laws
In a recent study, Dewar (2003) applied the Jaynes’ (1979) information theory formalism of statistical mechanics to the sta-
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Following Dewar (2003) requires the introduction of some compact notations: denotes the “microscopic” phase space trajectories during a time interval τ , and p is their probability
distribution. In addition, d = (e, ρ) is the macroscopic state vector, the ﬂuxes on the boundaries are F = (f e , f ρ ), and the sources
are Q = (q e , q ρ ) = (q e , 0).
The primitive eqs. (38) and (39) can then be rewritten in the
following compact form:
∂d
= −∇ · F + Q.
∂t

(40)

τ
For a quantity X, X = τ1 0 X (t) dt denotes its time average over

the time interval τ , and X =
p X denotes its expectation
value over the probability of the underlying microscopic paths,
where X is the value of X for path .
The main goal of our analysis is to maximize the path information entropy:

SI = −
p ln p ,
(41)
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with respect to , subject to external constraints (boundary conditions), stationarity constraints (steady state, global energy, and
mass balance) and other a priori information describing the system (incompressibility), i.e. the conservation laws discussed in
Section 3.1.

where the dimensionless entropy production is now expressed
as:


 = −τ λe · qe (r) + τ λe
fne (r) · n
V
∂V

fnρ (r) · n,
+ τ λρ
(48)
∂V

3.3. Path distribution
Let us, ﬁrst, apply the following constraints to p :

p = 1,
normalization,








d (r; 0) =

p
V

(42a)

d (r; 0) ,
V

initial global energy and mass,

When assuming a steady state, the ﬁrst two integrals in (47) are
symmetric with regard to the time reversal τ → −τ . The entropy production (48) reﬂects the irreversibility processes since
it is not symmetric with regard to the time reversal. If we now
additionally assume ﬁxed global mass and energy, we can anticipate that the probability of the steady states will depend only on
their entropy production.

(42b)

3.4. Mean ﬁeld approach
where the integral is carried over the control volume; moreover,
to lighten the notation, multiple integral symbol and integrand
are omitted.
Maximizing the information entropy with respect to p , subject to the constraints (42), yields the distribution as:
p =

eA
,
Z

(43)

 A
where Z =
e is the partition function, and A is the path
action given by:



A = λ · d (r; 0) = λe
e (r; 0) + λρ
ρ (r; 0) , (44)
V

V

V

where λ = (λ e , λ ρ ) are the Lagrange multipliers associated with
the conservation of the global mass, global energy, and the ﬁxed
ﬂuxes of these quantities at the boundaries of the model ocean.
In order to introduce the constraints imposed on the ﬂow by the
conservation (38,39), we use the deﬁnition of the overbar as a
time average to write:
τ ∂d(r;t)
d (r; 0) + d (r; τ )
∂t
d (r; 0) =
−
.
2
2
After integration by parts, the path action (43) becomes:


λ
τλ
A = · [d (r; 0) + d (r; τ ) ] −
· Q (r)
2 V
2
V

τλ
·
+
Fn (r) · n,
2
∂V

Let us, now, adopt the classical mean ﬁeld approach (the thermodynamic limit) and neglect the ﬂuctuations about the mean behavior. The statistical mean is, then, the most probable (steady)
state. Dewar (2003) showed that maximizing the information
entropy (41) is then equivalent to maximizing the mean (over
the different paths, ) entropy production rate with respect to
the Lagrange multipliers λ, with the assumptions of stationarity,
conservation of global mass and global energy and ﬁxed ﬂuxes at
the boundaries. After ensemble-averaging over the set of paths,
the entropy production variation is:



Q − τλ · δ Q
δ
= −τ δλ ·
V
V


Fn · n + τ λ ·
δ Fn · n
+ τ δλ ·
∂V



Q −

= −τ δλ ·

+ τλ · δ

= −τ λ ·

(45)

∂V

∂V





V

Fn
∂V



− τλ ·

δ Q
V

Fn
∂V



δ Q + τλ ·

∂V

δ Fn ,

(49)

In deriving (49) we use the global equilibrium relation:


Q −
Fn = 0.
(46)

where n indicates the normal direction of the control volume
surface ∂V over which the surface integral is carried, and the
superscript n denotes the normal component of the ﬂux.
The action can be rewritten as:

λe
A =
[e (r; 0) + e (r; τ ) ]
2 V


λρ
,
+
[ρ (r; 0) + ρ (r; τ ) ] +
(47)
2 V
2

(50)

∂V

V

Finding the extrema of entropy production is thus equivalent to
solving the following variational equation:


−αδ E − βδ M − γ
δ Fn = 0,
(51)
δ
∂V

where the global mean energy and mass are deﬁned as:


e, M=
ρ
E=
V

(52)

V

This variational eq. (51) is subject to constraints of constant net
ﬂuxes of mass (zero net ﬂux) and energy (to compensate the
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production of energy by diffusion). Let us use the following
values for the Lagrange multipliers:
α = −τ λe η,

β = τ λρ μ,

energy and global mass constraints:

 0
χs =
ρs zdx dy dz = A
ρs z dz = E s ,



 
κv

δ

N2

V

Ro2
|∇u|2
−ν
Bu

ρs dx dy dz = A

M=
V


− ηδ E + μδ M = 0, γ = τ λ,
(54)

where the ﬁrst term appears as a classical entropy production
term that should vanish in the event of missing irreversible processes such as diffusion and dissipation. With neither diffusion,
relation (54) would be a minimum dissipation theorem. Because
of the existence of diffusive processes in the ocean and according to relation (54), the abyssal ocean would organize its stratiﬁcation and associated circulation so as to maximize its production of entropy for a given mass and energy. One should
note that, here, the production of entropy coincides with that of
energy.
In the following analysis the time mean solution is assumed
to coincide with the steady one. Thus, for simpliﬁcation purpose, the time average bar and ensemble-average bracket are
both dropped. Moreover, the effect of dissipation is neglected,
and focus is on the vertical diffusion.

4. Abyssal stratiﬁcation and circulation subject
to maximizing entropy production
4.1. Parameterization of diapycnal diffusivity
Observations and bulk estimates (Polzin et al., 1997; Munk and
Wunsch, 1998) have indicated that turbulent mixing in the oceans
is far from being homogeneous. Thus, in departure from a constant diffusivity, diapycnal mixing can be parameterized in terms
of a power law of the stratiﬁcation:
κv = a N m ,

(55)

(56)

−1

V

(53)

Relation (51) can then be rewritten as:
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0

−1

ρs dz = 0.

(57)

One should note the use of the gravitational potential energy as
a constraint instead of the total energy; this choice relies on the
fact that the kinetic energy is much smaller than the potential
one; so, at ﬁrst order, the energy consists in the gravitational potential energy. Furthermore, the stratiﬁed gravitational potential
energy is considered only because, χ 0 , the inert component of
gravitational potential energy, is invariant when the total mass
remains unchanged. Thus, the variational eq. (54) is reduced to
δσ − ηδχ + μδ M = 0,

(58)

where the entropy production (we neglect viscosity) is
 0
σ =A
κ N 2 dz.

(59)

−1

Under assumption (55), the entropy variation is
 0
a (m + 2) d N m
δρ dz − A[κδρ]z=0
δσ = A
z=−1 ,
2
dz
−1

(60)

where the boundary terms can be eliminated when a ﬁxed density
is assumed at the top/bottom of the abyssal ocean. This corresponds to a rearrangement of the ﬂuid layers thickness between
two ﬁxed isopycnals to maximize the entropy production under
constraints of ﬁxed mass and energy.
For diapycnal diffusivities in forms of (55), equation (58) is
reduced to
a (m + 2) dN m
− ηz + μ = 0.
(61)
2
dz
By using (55) and (36), the vertical velocity can be rewritten as
a (m + 2) dN m
.
m
dz
and using (61) gives
ws =

(62)

2 (ηz − μ)
(63)
= ws0 (z + 1) ,
m
where the boundary condition used is ws = 0 at z = −1. In
addition, by setting
mws0
η=
,
(64)
2
the vertical velocity at the upper surface is equal to w s0 . The
proﬁle of the buoyancy frequency can then be written as


1/m

N = (N |z=−1 )m + [(N |z=0 )m − (N |z=−1 )m (1 + z)2
,

ws =
where a is assumed constant over the whole water column although this might be a strong assumption, and m ≤ 0; mixing
is thus a decreasing function of stratiﬁcation. Such a power law
dependence has been supported by local observations, especially
in fjords (Stigebrandt, 1979). Gargett (1984) suggested a value
of m  −1.2 in the open ocean whereas Stigebrandt and Aure
(1989) reported a value of m  −1.5 from measurements in
fjords.

(65a)

4.2. The maximal entropy solution
This section will focus on the search for a solution satisfying (54)
while maximizing the production of entropy under ﬁxed global
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ws =



2a0 (2 + m) (N |z=0 )m − (N |z=−1 )m (1 + z)
.
m

(65b)
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When assuming N | z= 0 > N | z= −1 , a positive mean upwelling
requires 0 ≥ m ≥ 2. In this parameterization, a larger
|m| corresponds to a strong stratiﬁcation near the surface
(Fig. 3).

4.3. The case of constant diffusivity
The solution for the singular case of constant diffusivity can be
obtained from the general solution in the limit m → 0 because this
particular case yields to a vanishing entropy variation (60), which
can be veriﬁed directly. However, the same result is obtained by
introducing the additional constraint of a ﬁxed lateral ﬂux of
gravitational energy. In the limit of vanishing m, one ﬁnds the
solution for constant diffusivity as
N 2 (z) = N 2 |z=−1 e

ws0 (z+1)2
2κ

= N 2 |z=0 e−

ws0
2κ

w (z+1)
+ s0 2κ

-4

-6

Fig. 3. Various proﬁles of the buoyancy frequency N dim as a function
of zdim , assuming N dim = 5 × 10−4 s−1 at the bottom and N dim = 5 ×
10−3 s−1 at the top of a 4000 m abyssal ocean. The solid curves
correspond to m = −1.9, −1.5, −1, −0.5, with m = −1.9 at the top;
the dashed curve corresponds to the constant diffusivity case, m = 0.

2

(66)

Assuming a vanishing buoyancy ﬂux at the bottom is equivalent to the assumption N | z=−1 = 0. This leads to a singular
solution, N = 0, w s → ∞. The vanishing heat ﬂux condition at the ocean bottom can be relaxed through the assumption of a weak uniform diffusive upward mass ﬂux from a bottom boundary layer such that the buoyancy frequency is N dim
bottom
5 × 10−4 s−1 for a diffusivity, κ dim
= 10−4 m2 s−1 ; moreover,
v
the bottom vertical velocity is kept null. Now, the value of the
mean upwelling at the surface (or at the base of the thermocline)
can be estimated; using (66) leads to the following dimensional
relation:
 dim  2
N z=0
2κvdim
dim
ws0 =
ln 
(67)

2 .
H
N dim 
z=−1

A typical value for the ratio of N between the bottom and the
base of the thermocline is approximately 10. The corresponding
value of the upwelling is, thus, 2 × 10−7 m s−1 for the above-

-2

0
ws0 /2K

2

4

6

Fig. 4. Energy and entropy for different values of the upwelling
velocity with a ﬁxed bottom stratiﬁcation (constant diffusivity case).

mentionedvalues. The typical vertical length scale for such a
dim
v
proﬁle is Hwκdim
 1.3 × 103 m.
s0

This length scale can be treated as a measure of the thickness
scale of the abyssal thermocline. Note that the vertical variation
of the density ﬁeld scales as κv1/2 . This scaling coincides with
the internal thermocline scaling (Samelson, 1999 and references
therein).
Finally, let us compute the energy and the entropy production as functions of bottom buoyancy ﬂux and upwelling for a
constant diffusivity:
 
 
√
N 2 |z=−1 2 w2κs0 − πErﬁ w2κs0
Es = −
,
(68a)
 3/2
8 w2κs0
 
√
N 2 |z=−1 πErﬁ w2κs0

σ =
2 w2κs0
 2ws0 
 
E s Erﬁ w2κs0
k
(68b)
=− 
  ,
√
−2 w2κs0 + πErﬁ w2κs0
where Erﬁ is the imaginary error function. These relations allow
us to use any couple of parameters from N 2 | z=−1 , w s0 or E s to
determine the ocean state unambiguously. For N 2 | z=−1 = 1 in
(68), the variation of energy and entropy production with respect
to the parameter w s0 /2κ is shown in Fig. 4.
Increasing the upwelling enhances entropy and concomitantly
lowers the (negative) stratiﬁcation energy. Besides, on condition
to keep the stratiﬁcation energy ﬁxed and to vary upwelling,
any increase of the diapycnal ﬂow enhances the production of
entropy.
Though, in principle, we should prove that the computed extrema are a maximum before concluding this section, it is not
worth doing it, here, because the case under study is so constrained by conservation of mass and energy that it is devoid
of free parameter to be varied. The entropy production as approximated by (59) cannot be varied from its value because any
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associated pressure is
40



z

ps = pbc,s + pbt,s = −

30

dz 



0

z

dz  N 2 (z  )

zs

σ

+ ws0 (φ − φe ) sin2 θ + sin θ T w (θ) [H (φ − φw ) − 1] ,
20

(70)

10
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4

ws0 /2K

6

8

10

Fig. 5. Entropy production as a function of upwelling for a ﬁxed
energy (E s = −1, a change in the value of E s only changes the scale of
the ordinate axis).

change in the density proﬁle will violate the (potential) energy
constraint (56) when either bottom stratiﬁcation or surface upwelling is ﬁxed. In the event our analysis would have provided
us with a choice among various density proﬁles, we would have
kept only the one producing the maximum entropy.
One may, now, wonder about what happens when one of the
constraints, E s , N 2|z=−1 , w s0 is relaxed. The system will evolve till
reaching a state where entropy production is the highest which
implies maximizing upwelling. For example, considering the remaining components of the climate system needed to close the
mass and energy balances while neglecting their contribution
to the total mass, energy, and entropy will result in the system
control by the abyssal ocean. If the bottom heat ﬂux is ﬁxed,
the system will tend to greater entropy by indeﬁnitely enhancing
upwelling as shown in Fig. 5, which corresponds to a runaway
situation. Actually, because of the ﬁniteness of the system, the
components of entropy and energy neglected in the above analysis will no longer be negligible; the inclusion of such additional
processes (friction for example) should prevent the occurrence
of such a runaway.

4.4. Horizontal circulation
The previous solutions hold in common a remarkable property:
the vertical velocity proﬁle is linear, and thus the divergence of
horizontal velocity is constant. As a result, the Sverdrup balance
(33d) leads to a barotropic ﬂow such that
vs = tan θ ws0 +

T w δ (φ − φw )
,
cos θ

w

dθ T w = −2ws0 cos θ.

(71)

However, the barotropic character of the circulation is directly
related to the choice of the diffusivity parameterization. For instance, for a diffusivity coefﬁcient depending on the unique variable N, one can easily verify that only a parameterization in the
general form:
κ = a N m + bN −2 ,

(a, b) ∈ 2 ,

(72)

yields a barotropic circulation. Incidentally, the constant diffusion case is part of this form. It is worth noting that if the parameter a (and b) was depth dependent, for example through the
inﬂuence of the topography, the circulation would be different.

4.5. Energetics
In this section the mean density is used to satisfy (5); relation (6)
is therefore valid and can be used to easily verify that the bottom
pressure is 0 like the top baroclinic one. In addition to (6), the
following relation holds:
d2 pbc,s
dρs
= N 2 > 0.
=−
dz 2
dz

(73)

As a result, the baroclinic pressure p bc,s is a concave function
of z, and then the baroclinic pressure is always positive and can
vanish only at the upper and lower boundaries.
At the ﬁrst order in ε, eq. (18) can be rewritten as

(69)

where T indicates the transport or the western boundary current.
Though our new solution seems to be the same as the classical
solution for the homogeneous single-layer model by Stommel
and Arons (1960a, 1990b), it strongly differs because it concerns
a continuously stratiﬁed abyssal ocean. For the simple geometry of a pie-shaped model ocean (Pedlosky 1996, p. 389), the
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where z s can be chosen to satisfy an additional constraint stating
that the integrated mass anomaly is zero to satisfy (6). In this
study we also assumed that the baroclinic anomaly of the reference pressure was zero at the upper surface of the model ocean.
We also included in (69) and (70) a western boundary current
as a delta distribution for the meridional velocity and thus as
a Heaviside distribution for the barotropic pressure p bt,s . The
western boundary current intensity was obtained by using the
sources spatial distribution (Stommel and Arons, 1960a, 1990b;
Pedlosky, 1996) to integrate:


0=

0
−1



0

dws
dz − ws0 pbt,s
dz
−1


 0
dρs
d
κ
dz.
+A
z
dz
−1 dz

ρs zS(z) dz + A

ps

(74)

The proposed solutions (65) are such that the baroclinic contributions of the ﬁrst two terms of (74) are equal. Indeed, by using
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the linear dependence of w s , one can easily compute:
 0
 0
dzρs zS(z) = Aws0
dzρs z = Aws0 [− pbc,s z]z=0
z=−1
−1

−1


+



0
−1

dzpbc,s

= Aws0

=A

0
−1

dz pbc,s

0

−1

pbc,s

dws
,
dz

(75)

On the other hand, the barotropic contributions of the second
and third terms cancel each other out. Thus, for the particular
parameterization assumed here and subject to the constraint of
stratiﬁed gravitational potential energy conservation, there is an
equal partition of the energy provided by the mixing into the two
sinks: the lateral ﬂuxes and the pressure work.

5. Conclusion
We provided, here, a derivation of the abyssal stratiﬁcation and
circulation by using the principle of maximal information entropy production under the integral constraints of ﬁxed global
mass and energy. It is the reference state for an interior ocean
that receives not only external mechanical energy for mixing,
but also exchanges ﬂuid and gravitational potential energy with
the convective region. The latter prevents the unbounded growth
of the gravitational potential energy of the system, as it could
happen in a closed system (Winters et al., 1995) by providing
a sink for this energy. The exchanges between the interior and
the convective region is thus crucial for the existence of a steady
state. Furthermore, we applied the maximum entropy production principle to the abyssal interior and thus de facto assumed
that the convective region was slaved to the interior such as to
provide the right amount of energy through the boundary ﬂuxes.
The maximum entropy production solution has maximum energy
(here essentially potential energy) supply for a given (potential)
energy and a given mass. Conversely, with a given (potential)
energy supply and a given mass, the solution (potential) energy
is at its minimum.
We derived solutions for different mixing parameterizations.
In the case of a constant diffusivity, the vertical variation of the
density ﬁeld scales as κv1/2 , consistent with the scaling of the
internal thermocline (Samelson, 1999). The derived stratiﬁcation appears here to be intrinsically connected to the Stommel
and Arons (1960a, 1960b) solution; although their solution is
based on a single moving layer of constant density. In addition,
a uniform upwelling, balanced by a prescribed source of deep
water, is prescribed at the upper surface. The essential feature
of the principle of maximal entropy production used here is that
it simultaneously provides both the circulation and the mean
stratiﬁcation. Incidentally, the circulation obtained for the cases
discussed in this study is barotropic. This barotropic circulation
in the abyssal ocean is valid as long as diffusivity is a function of
a negative power of N. Although such a negative power depen-

dency has been discussed in previous publications, the situation
in the oceans is much more complicated, and a comprehensive
understanding of the connection between stratiﬁcation and diffusivity remains a great challenge.
One should be aware that we only treated the component of the
ﬂow associated with the horizontally averaged stratiﬁcation for a
simple geometry. Departure from this simple stratiﬁcation proﬁle
may bring in new features of the solutions induced by changes
in the global constraint (energy, heat content, and volume); but,
this part of a complete circulation is still to be determined.
Moreover, it should be noted that the results derived from
the maximum entropy production principle are intimately related to the imposed constraints. For example, different stratiﬁcation proﬁles were used to explore circulation conﬁgurations, but
without discussing potential dynamical effects due to changes
in the constraints related to the surface heat ﬂux or the vertical
velocity at the top of the abyss model ocean. It is likely that
any change in these constraints would alternate substantially the
circulation.
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