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Three-dimensional sound propagation models with a parabolic approximate wave equation (PE) solved in
either Cartesian (x,y,z) or cylindrical (r,0,z) coordinate systems are compared. The Split-step Fourier marching
algorithm is employed. The solutions can be made arbitrarily more accurate by increasing grid resolution. Both
models have limited valid area in horizontal azimuth with respect to the marching direction, which is radial for
the cylindrical model and is along the x axis for the Cartesian model. Selection between these two models for a
given problem depends on the type of sound wave field. For a cylindrical wave-like field the cylindrical model is
more suitable; on the other hand, for a plane wave-like field the Cartesian model is advantageous. In terms of
numerical implementation, the cylindrical model requires entry or calculation of the free-space propagator at
each step, while this numerical item is spatially uniform for the Cartesian method thus reducing computation
time. Conventional implementation of three-dimensional PE models in a cylindrical coordinate system with
fixed azimuth grids suffers from loss of resolution in far field, and a method of re-sampling azimuth grids is
proposed in this paper to overcome this defect. Further analysis of errors for specific frequencies and grid sizes
applicable to ocean acoustics problems will be given in the presentation.

1. Introduction

Two numerical considerations for three-dimensional (3D) sound propagation modeling
with a wide angle parabolic-equation (PE) approximation are discussed in this paper. These



are the coordinate system used in the model, and the grid size of environmental sampling.
Cylindrical and Cartesian coordinate systems are considered, and the same PE approximation
with the Split-step Fourier algorithm [1] is used in each for consistent comparisons.
Mathematical analysis is performed to study the limitation of the PE models using different
coordinate systems and to quantify the required grid sizes. Calculation results for two
idealized problems simulating conditions of shelfbreaks and submarine seamounts are also
presented.

The idealized seamount in the first problem is considered to be axial-symmetric. Thus, if
the source is placed right above the seamount tip, the sound field is independent to the
azimuth, termed Nx2D/azimuthal-2D. This provides a good benchmark to test the 3D
Cartesian PE, whose coordinate system is not effective to describe the bathymetry. The
source is also placed away from the tip, and provide a scenario to test the 3D cylindrical PE
for the issue of irregular resolution (further and further away from the PE origin, the azimuth
sector is getting bigger and bigger). A method of re-sampling model grids is proposed for
implementing 3D cylindrical PE, and the conventional defect of irregular resolution may be
overcome, as shown in this paper. The second proposed problem is a classic benchmark, a
slope/wedge problem, for 3D sound propagation models. In solving this problem, two
different PE marching directions, down slope and across slope will be chosen for the 3D
Cartesian PE. With the first marching direction (down slope), no transversal step-wise
approximation is imposed, but the step-wise approximation is applied in the marching
direction. The situation is opposite with the second marching direction (across slope),
presented in this paper. The calculation results from the cylindrical PE model are also
compared in this benchmark problem.

In addition to the mathematical analysis of model grid sizes, a convergent test on solving
the proposed problems will be presented in the talk. The current consider is on discretizing
the bathymetry. The grid size issue for sampling water column is beyond the scope of this
paper and thus is deferred to the future.

2. Split-step Fourier 3D PE

Two different implementations of the Split-step Fourier 3D PE are considered here. The
difference is on the use of coordinate systems; one is using the Cartesian coordinate system
and another is using the cylindrical coordinate system.
2a.Theory

The parabolic wave equation which incorporates an assumption of one-way propagation

can be generally written in either Cartesian (x, y, z) or cylindrical (r, 9, z) coordinate in the
following two ways:
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Here, n= k/ky is the refraction index, k=a/c is the local wavenumber at frequency o for wave
speed c, and ko is a reference wavenumber. The derivations of these two approximate wave
equations differ only slightly. The Cartesian PE originates from decomposing the exact
forward 3D pressure (p) into p(x,y,z) = @(x,y,z) exp(ikqor). The cylindrical PE originates
from p(r,0,2) = r~2¢(r,0,z) exp(ik,r) with a far-field approximation. The equations
have a nearly identical form in both Cartesian and cylindrical coordinates, the difference
being the scaling factor 1/r within the second derivative operator. A unified notation for this
second derivative operator can defined below.
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A radical approximation to a square-root operator proposed by Feit and Flect [2] is

considered here:
/nz + ky?vE = /1 +ky?VE+n—1. ®3)

This radical approximation recovers the original square-root operator when n=1. This
approximation was in fact used by Thomson and Chapman [3], leading to a wide angle 2D
PE. The 3D PE theory presented here can be considered equivalent to Thomson and
Chapman's 2D PE. Implementation of the 3D version with a Cartesian coordinate system is
analyzed in Huang and Fehler [4] for seismologic applications and in Duda [5] for
underwater acoustic applications. The formal finite difference solution of Eq. (1) with this
radical approximation can be found as:

@(n+ An) = exp {iAn( ’k% +VZ+k— Zko)}(f)(n), 4)

where the dependence on the other two spatial variables (y, z) or (6, z) is not indicated, for
conciseness. The tilde indicates the solution is an approximate solution. The marching
coordinate 7 is either r or x. The exponential operator can be separated according to the split-
step algorithm [1-6], and the following split-step solution has a second-order accuracy with
respect to Ar, i.e., O(Ar?):
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where operator A denotes (w/k(z) + Vi — ko), operator B denotes (k — k), and the range-

dependency of both operators are also noted. To solve the split-step solution numerically, one
can employ the Fourier transform and combine the A and B operators, leading to

FQ " (r+ an)B(y + 1)} = exp (iAnB(n+ %))T—l{o(mé(n)}. 61)



which can also be written as

P(n+4an) = Q(n+AnF {eXp <iAnB (77 + A;”)) FHe(mnd(n} (6.2)

Here, F indicates Fourier transform, ® is the wavenumber spectrum of @, i.e., F{@}, and the
average of B at ranges n and n +An has been approximated to B(77+An/2). Q(#n) in the
equation denotes a wavenumber-dependent free-domain (straight line) propagation from 7 to
n+Anl2, applied in the wavenumber domain, with the given reference wavenumber Kkp:

Q) = exp {%’7 ( i — i - ko)}, ™

where k‘,=(r‘2k§+k§)1/2 in cylindrical PE (n = r also), indicating a vertical

wavenumber in the 6-z plane, and where ky = (k§ + kzz)l/2 in Cartesian PE. The 2D Fourier
transform pairs used here are provided below, separately for both Cartesian and cylindrical
PE's.
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Note that if both forward and inverse Fourier transforms are operated at the same radial
distance in the cylindrical coordinate system, such as Eq. (6.1), the length scales r and r in
the transform cancel out.

2b. Error analysis of PE approximation

One can take a normal mode approach proposed by McDaniel [7] to analyze the phase
errors of any rational linear PE approximations; however, McDaniel's normal mode analysis
cannot be applied to a radical PE approximation.

To assess the accuracy of radical approximation Eqg. (3), we can analyze the error bound of

an approximation error defined as E = ( 1+ ky?VEi+n— 1)2 — (n? + ky?V). This error
analysis was in fact proposed by Feit and Flect [2] and used by Thomson and Chapman [3].
For a single wavenumber component of the 3D sound field exp[i(kxx +kyy+ kzz)] , the
length of VZ¢ is sin? {, where ( is an angle with respect to the x axis. This is also true for
cylindrical PE when considering only ¢(r,8,z) = expli(k,r + kg0 + k,z) — ikyx] and {
being with respect to the radial axis. The error bound for the radical approximation to the
single wavenumber component is shown to be [3]

|[E(6n, Q)| < 2|6n]|cos¢ — 1], 9)



where on is the anomaly of the refraction index, i.e., n = 1+Jn. For a comparison, the error

bound of Tappert's standard PE [1], where n? + ky2V¢ = (1 + n? + k;2V§)/2, can be
found to be [|6n|(2 + |6n|) + sin? ¢]?/4, and Fig. 1 shows the error bounds for both
approximations as a function of {and on. A straightforward comparison shows that Feit and
Flect's approximation achieves better accuracy. In other words, a PE model with the radical
approximation to the square-root operator can in general achieve better accuracy in wider
propagation angles with respect to PE marching direction.
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FIG. 1: Comparison of the accuracy of two different PE propagation approximations. The dark
contours are the error bounds of using Feit and Flect's radical approximation, Eg.(3), and the light
contours are the error bounds of Tappert's standard rational approximation.

2c. Differences between Cartesian and cylindrical PE's

From the error analysis presented above, one can see that the PE approximation in either
Cartesian or cylindrical coordinate has the same valid angle range with respect to their own
marching direction, é, and é, respectively. But, because the direction of the radial unit vector
é, varies azimuthally, it makes analyses of cylindrical-wave type fields easier with
cylindrical PE; however, this azmuthal variation is not necessary for analyzing plane-wave
type fields, where Cartesian PE is more suitable.

In terms of numerical implementations (details are provided in the following section),
cylindrical PE often suffers from losing its resolution in horizontal at long ranges, and it
requires recalculation of the free propagator Eq. (7) at each marching step because of its
range dependency. A marching algorithm with re-sampled grids is provided later in this paper
to achieve non-degraded resolution. This attempt is to provide a better numerical model when
it is necessary to use cylindrical PE. Depending on the nature of the analyzed sound field,
Cartesian PE might still be superior than the improved cylindrical PE.

3. Numerical implementation
3a. Discrete Fourier transform
Implementation of split-step Fourier PE, EQ.(6), requires numerical computations of

Fourier transform, and from the sampling theory the discrete spatial and wavenumber
domains are connected in the following way.
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These relations are fundamental, and they actually govern the requirements for the model
grid size. Consider that the goal of sound propagation modeling is to resolve all of the
arrivals less than a given arrival angle |{] < {max With a minimal required angular resolution
Almin. Note again that the arrival angle {is with respect to the PE marching direction, i.e., é,
in Cartesian coordinate and é, in cylindrical coordinate. With the sampling theory, one can
determine the required Ak, ,4 and ky ;g mq, from the geometric relation of wavenumber

components, i.e., (k2 + k22)1/2 = |k|sin¢ and (k2/r? + k22)1/2 = |k|sin¢. The details are
provided below.

The free-domain propagation step in the Split-step Fourier PE is as though sound
propagates in the field with a constant media wavenumber k. In order to resolve all of the
arrivals less than a given angle (max, ky ;6 max Must meet the following condition:

ky s max = kosing and kgmex = Ko7 SNy (11.1)

or equivalently for Ay, Az and A¥,

Ay,Az < (sin {max)_l A0/2 and A8 < (r sin (max)_l/lo/z . (11.2)

It can be also shown that the interval between resolved arrival angles in a discrete Fourier
model Al equals to ky* sec{ Ak, , in Cartesian coordinate, or v~ (kg sec{ Akg — tan ¢ Ar)
in cylindrical coordinate. Therefore, to achieve a given angular resolution Aémin, Aky, , o has to
satisfy the next condition:

Aky, , < ko cos{ Ay, and Akg < ko(r cos { Ay, +sin{Ar), (12.1)
or equivalently for Ly, L, and L,
Ly, = (cos { Alpin )" * 29/2 and Ly = (rcos{ Ay, +sin{Ar)~12,/2. (12.2)

Examination of these conditions reveals that the required A& changes with the radial
distance, as well as the required angular aperture Ly. For a conventional marching algorithm
used in cylindrical PE's, i.e., marching along each radial, thus fixed A6, the maximal arrival
angle that the PE model can resolve is always smaller at larger ranges comparing to the value
at shorter ranges. This will cause a numerical problem, because to a certain distance a fixed-
A6 PE will lose its ability to resolve horizontal refraction in a 3D field. One simple way to fix
the problem is to make A@ very small, but this results in unnecessary oversampling at short
ranges and wasting computation resources.

3b. Model grid and marching algorithm
Implementing a PE model in Cartesian coordinate is less troublesome than implementing

it in cylindrical coordinate. Since the Cartesian grid is uniform everywhere, we just need a
fixed grid on (y, z) and march the solutions along x. A marching algorithm with re-sampled



azimuth grid is provided here for using cylindrical PE. In brief, this method is to fix the
angular aperture Ly but reduce the azimuth grid interval A in radial to satisfy the sampling
condition, Eq. (12).

The original PE marching algorithm uses a fixed € grid so that the solution at a range
r, @(r,6;,2), can be marched to the next range @(r + Ar,6;,z,) seamlessly on (6;,z).
The same concept also applies if we consider marching in wavenumber domain; in other
words, with a fixed wavenumber grid we can march ®(r, kg, , k. ) to ®(r + Ar, kg;, k).
The concept of marching wavenumber spectrum appears advantageous when we consider the
maximal wavenumber required for resolving a given arrival angle, i.e., Eq.(12.1). Since the
required maximal wavenumber at a shorter range is smaller than the value at a longer range,
the initial wavenumber aperture can be smaller. When a larger aperture is required, we can
zero-pad the spectrum at both ends with the same Ak, and continue the marching procedure.
This zero-padding technique may still have the problem of tracking arrivals that go over the
angular aperture, and a simple solution is to make Ak, smaller (i.e., with a larger angular
aperture) to capture more arrival angles. Further investigation is required to solve this
problem.

The zero-padding of wavenumber spectrum can be done at each range, or intermittently
when a larger wavenumber aperture is required. For the intermittent approach, it is
recommended to double the aperture, which results in reducing A6 by a half. Effectively, this
is a spatial upsampling by a factor of two, and it can be regarded as a standard upsampling
procedure used in digital signal processing [8].

4. Numerical examples

This section briefs two numerical examples showing agreements of the 3D PE models
presented above. A complete model comparisons will be given in the talk.

The water sound speed in the examples is a constant of 1500 m/s, and the bottom is
homogeneous with 1650 m/s sound speed, 1.5 km/m® density and 0.5 dB-per-wavelength
attenuation. The modeled sound source is placed at the origin of horizontal coordinates and
250 m in depth. The sound source transmits continuous sinusoidal wave of 100 Hz. The
modeling results of a idealized slope/wedge problem are shown in Fig. 2, and the ones of
another idealized seamount problem are shown in Fig. 3. The model grid size is 6 m in
marching direction, 1 m in depth and 2.5 m in horizontal. Note that the azimuth grid re-
sampling described in the previous section is applied to the cylindrical PE model, and once
the azimuth grid size is over 2.5 m the angular interval Aé is reduced by a half.

In the first example, the wedge has a slope of 12.68°, and the water depth is 100 m at the
shallow part and 1000 m at the deep part, as shown in Fig. 2a. Comparing the solutions on
the vertical slice along the slope at Y = 0 (Fig. 2b-2d) reveals that the Nx2D model does not
agree with the 3D models. It is not surprised because there is a significant 3D effect (more
precisely, horizontal refraction) caused by the sloping bottom. It is worth noting that the 3D
solutions on the vertical slice, shown in Fig. 2c and 2d, reach an excellent agreement. The 3D
solutions on a horizontal plane at the source depth are also shown in Fig. 2e and 2f.
Comparing the interference patterns from both models, it is found that at a wider azimuth
angle the Cartesian PE no longer produces valid solutions, as being pointed out in the error
analysis section 2b. Nevertheless, within its valid azimuth range the Cartesian PE does
produce solutions agreeing with the cylindrical PE, which computation time is in general
many times slower.

In the second example, the seamount has a slope of 14.04°, and its radius is 2.5 km. The
flat bottom is 825 m deep, and the tip of the seamount is 625 m high. The modeling results



shown in Fig. 3 is for the case where the seamount is centered at X = 2.5 km and Y = 0 km.
On the vertical slice across the tip, the solutions from all of the models have good
agreements, as shown in Fig. 2b to 2d. This is because no horizontal refraction occurs on this
vertical plane. Both the 3D models predict a shadow zone behind the seamount (see Fig. 2e
and 2f), and produce nearly identical interference patterns with +/- 30° in azimuth.

5. Summary

Three-dimensional parabolic-equation approximate models with the Split-step Fourier
algorithm are presented for underwater sound propagation in this paper. Requirements of the
model grid size for resolving a given arrival angle and a given angular resolution are derived.
A re-sampling technique is proposed for adjusting the model grids of a 3D cylindrical PE,
and leads to a non-degraded model resolution, which a conventional cylindrical model
usually suffers from. Examples of idealized slope and seamount are briefed, and the detailed
model comparisons and further analysis of errors related to the grid sizes of environmental
models will be presented in the talk.
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FIG. 2: 3D PE modeling results (100 Hz) for an idealized slope problem. Panel a is an illustration of
the model considered. The vertical shaded slice shows the solution plane in panels b (Nx2D), ¢
(Cartesian 3D) and d (cylindrical 3D with re-sampled azimuth grids). Panels e and f are comparisons
of 3D PE solutions with employing different coordinate systems. The horizontal solution plane is at a
constant depth 250 m across the computation domain.
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FIG. 3: 3D PE modeling results (100 Hz) for an idealized submarine seamount problem. Panel a is
an illustration of the model considered. The vertical shaded slice shows the solution plane in panels b
(Nx2D), ¢ (Cartesian 3D) and d (cylindrical 3D with re-sampled azimuth grids). Panels e and f are
comparisons of 3D PE solutions with employing different coordinate systems. The horizontal solution
plane is at a constant depth 400 m across the computation domain.



